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Abstract

Macromolecules in solution experience an additional mode of dissipation or friction
due to intramolecular interactions, over and above the solvent drag, which resists their
conformational reconfiguration. This additional mode of dissipation termed as “internal
friction” or “internal viscosity” (IV), has been known to significantly affect the timescale
of protein folding, the mechanical response of macromolecules to stretching, and the
rheological properties of polymer solutions. Theoretical and computational investigations
into the dynamics of flexible polymer molecules routinely employ the bead-spring-chain
model, wherein the beads are massless centres of friction, and the springs model the
entropic elasticity of the polymer. This prototypical model may be extended to incorporate
the effects of internal friction, by the inclusion of dashpots that provide a rate-dependent
restoring force, in parallel with the springs. In principle, the stochastic differential
equations governing the motion of beads in this model can be derived using the principles
of polymer kinetic theory, and integrated numerically using Brownian dynamics (BD)
simulations. However, to date, an exact solution to the bead-spring-dashpot chain has
been available only for the case of a dumbbell, which represents two beads (N, = 2)
connected by a spring. The key contributions of the thesis are: (a) elucidation and in
silico validation of an experimentally realisable protocol for the measurement of internal
friction; (b) the correct solution of a finitely extensible dumbbell model with internal
viscosity and hydrodynamic interactions (HI), in order to examine the effect of HI on
the rheological response of models with IV; (¢) formulation of an exact solution to the
bead-spring-dashpot chain model for the general case of N, > 2 along with the derivation
of the appropriate stress tensor expression; and lastly, (d) establishing the importance
of fluctuations in the treatment of internal friction, by comparison of the exact solution
against a widely used theoretical framework that relies on a preaveraged approximation
of the internal friction force.

Key words: internal friction, internal viscosity, bead-spring-dashpot model, simple shear

flow, dilute polymer solution, fluctuations
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Chapter 1
Introduction

Conformational transitions in polymer molecules are impeded by solvent molecules, and
sometimes additionally by intramolecular interactions. The dissipation caused by the
latter are termed as internal friction or internal viscosity (IV) (Kuhn and Kuhn, |1945;
de Gennes, 1979; Manke and Williams, 1985} |Ansari et al.| [1992; [Sagnella et al.,|2000;
Hagen, 2010;|Soranno et al.,|2012), and examples of such dissipation include the damping
of protein folding (Ansari et al., [1992; Qiu and Hagen, |2004a; Cellmer et al., |2008;
Wensley et al., 2010; Samanta and Chakrabarti, 2013; Samanta et al., |2014; [Samanta
and Chakrabarti, 2016} Soranno et al., 2017), the modulation of stretching transitions
in polysaccharides (Khatri et al., 2007), and the enhancement of dissipated work in the
stretch-relaxation of polymers (Murayama et al., 2007; Alexander-Katz et al., [2009;
Schulz et al., 2015a). The discontinuous jump in stress of polymer solutions upon
inception or cessation of flow (Liang and Mackay, |1993; |Orr and Sridhar, 1996) has also
been attributed to internal friction. Given its wide-ranging impact, a careful investigation
of the consequences of the presence of internal friction is essential. We choose to study
this phenomenon using Brownian dynamics (BD) simulations of coarse-grained polymer
models. A brief review of the historical development of micromechanical models for the
treatment of internal friction is presented next, before identifying the main objectives of
this thesis and specifying the chapterwise organization of material.

The earliest models for polymer chains, proposed by |Rouse| (1953) and [Zimm
(1956), modelled macromolecules as massless, phantom beads (which act as centres of
friction) connected together by entropic springs. These models, which do not incorporate
any internal mode of dissipation, or internal friction, are successful in qualitatively
describing several rheological properties of dilute polymer solutions, such as small
amplitude oscillatory material functions over a range of frequencies (Bird et al., 1987bj

Larson, (1988) and a non-zero first normal stress coefficient in shear flow (Bird et al.,



2 Introduction

1987b). Refined models that account for the finite extensibility of the springs are also able
to predict the shear-rate dependence of viscometric functions (Wedgewood and Ottinger,
1988).

The Rouse and Zimm models predict that the dynamic viscosity of polymer
solutions, n’ approaches the solvent viscosity, 7s, at high frequencies. However,
experiments studying the viscoelastic properties of polystyrene solutions (Lamb and
Matheson, |1964; Massa et al.,|1971) reveal that in the high-frequency regime, n’ plateaus
at a value higher than r,. Polymer solutions have also been observed to exhibit a “jump”
in stress at the inception of flow (Mackay et al., 1992; Liang and Mackay, [1993)), and
when flow is switched off. Such a jump was found to be higher than the contribution from
the Newtonian solvent. These observations have been predicted by rigid-rod models (Bird
et al.,|1987b)), but not by bead-spring or flexible polymer models extant at that time. The
bead-spring chain models described so far assume that the underlying polymer chain is
completely flexible at all time scales. In real polymer molecules, however, while the bond
angles are usually fixed, there is a distribution of torsional or dihedral angles, due to the
trans state being thermodynamically favorable compared to the gauche state. The two
states are, however, separated by an activation energy barrier, which sets a timescale for
the hopping between dihedral angle states (Rubinstein and Colby, |2003)). Peterlin (1967)
and |de Gennes|(1979)) argue that at timescales lower than this transition time, the polymer
appears to be frozen, and resists any change in its conformation, in the manner of an
“internal” friction. There exist molecular dynamics simulation studies which appear to
suggest that such transitions are the source of internal friction (de Sancho et al., 2014;
Echeverria et al.,[2014).

As suggested by Manke and Williams (1985), if polymer chains are modeled at
the monomer level, by considering a full-description of the bond-lengths, bond-angles,
and the barriers separating the dihedral states, there would be no need for the concept
of internal viscosity. They argue that the necessity to include IV arises only because the
coarse-grained description of a polymer chain lumps together several monomer segments
into a “bead". In such a picture, a barrier to torsional angle rotation can no longer be
defined meaningfully. This is akin to solvent friction that only arises when the solvent
degrees of freedom are coarse-grained. To describe the forces acting between the beads
at this level of modeling, simple mechanical models have been used. The inclusion of
a dashpot (Kuhn and Kuhn, |1945; Booij and van Wiechen, 1970; Bird et al., 1987b), in
parallel with the spring connecting adjacent beads, provides a rate-dependent restoring
force to any change in the length of the connector vector joining the two beads, and has
been found to correctly capture (Manke and Williams, 1988, 1992} |Dasbach et al., 1992;



Hua and Schieber, [1995) short-timescale rheological phenomena such as stress jumps
and a high-frequency limiting value for the dynamic viscosity that is greater than the
solvent viscosity. Interestingly, Gerhardt and Manke (1994) showed subsequently that
the stress jump and the high-frequency plateau in dynamic viscosity are identically equal
to each other for linear viscoelastic fluids. The internal friction parameter, denoted by
¢, and defined as the ratio of the damping coefficient of the dashpot to the bead friction
coefficient, is a dimensionless ratio used for quantifying the relative magnitude of the
internal friction to the solvent friction.

The correct form of the expression to be used for the force in the connector vector
joining the two beads in models with internal viscosity was initially disputed, with
most researchers using the linearized rotational velocity (LRV) approximation proposed
by |Cerf (1951) and Peterlin (1967). Subsequent analytical work by Williams and
coworkers (Manke and Williams, 1988; Dasbach et al., 1992) aimed at capturing the
stress jump in polymer solutions helped conclusively identify the correct form of the force
expression, which was identical to that suggested earlier by Kuhn and Kuhn (1945). The
semi-analytical approximation for the stress jump by Williams and coworkers is found to
agree with exact BD simulation results by Hua and Schieber (1995)), but is different from
the LRV prediction. Furthermore, the LRV approximation predicts that the imaginary
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component of the complex viscosity, 1", vanishes at large values of internal friction
parameter (¢) for all frequencies. |Dasbach et al.| (1992) showed this prediction was
shown to be in stark contrast to their semi-analytical approximation which predicts a
limiting non-zero value for n”” as ¢ — oco. The LRV approximation for the treatment of
internal viscosity was therefore shown to be incorrect.

A comparison of experimental data on the reconfiguration time of proteins against
the predictions of several models of internal friction (Soranno et al., 2018) concludes
that it is not only difficult to discriminate between the predictions made by the models but
also non-trivial to assign a single mechanism as the source of internal friction. There are
studies which argue that internal friction seems to stem from a collection of effects which
includes, but is not limited to, dihedral angle rotations (de Sancho et al.,|2014; Echeverria
et al.,2014), intramolecular interactions (Alexander-Katz et al., 2009), such as hydrodgen
bonds (Schulz et al., 2015a) and disulfide linkages (Ameseder et al.,2018)), and a coupling
of the translational and rotational degrees of freedom to the dihedral angle (Daldrop et al.,
2018). While the microscopic origin of internal friction is manyfold (Khatri et al., [2007;
Murayama et al., 2007; |Alexander-Katz et al., 2009; Schulz et al., 2015a; Echeverria
et al.,2014; de Sancho et al.| [2014; |Sashi ef al., 2016; Jain et al.,[2016; | Ameseder et al.|
2018} Jas et al.,[2001; Soranno et al.,[2017), it has been broadly classified as being either
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of the wet or dry kind (Soranno et al., 2012;Hagen,|2010), depending whether its coupling
with the solvent viscosity is multiplicative (wet) or additive (dry). These two categories
are explained in brief below.

The transition of a protein from an unfolded to its native folded state is commonly
interpreted as a diffusive search process over a rugged energy landscape (Onuchic
et al., 1997), and the internal friction associated with landscape roughness is typically
considered to be of the wet type (Wensley et al., [2010; Neupane et al., 2017). Such a
diffusive motion over a corrugated energy landscape has also been examined in the context
of the movement of DNA-binding proteins along the DNA molecule (Yu et al.,2013). An
analytical solution for the diffusion coeflicient in one dimension was derived by Zwanzig
(1988)) who observed that the effective friction ., is related purely multiplicatively to
the solvent friction s, as yeg = ys €Xp [(6 /kBT)Z], where kz is Boltzmann’s constant, 7 is
the absolute temperature, and 62 is the variance of the heights of the normally distributed
undulations. Since y; ~ 7, the effective friction is higher than that expected due to
solvent friction alone, at any finite value of 7. It is also clear that the internal friction
would vanish in the extrapolated limit of zero solvent viscosity (7, — 0), which is a
characteristic feature of wet internal friction.

On the other hand, experimental measurements of the dependence of the
reconfiguration time of small proteins on 7 find a finite value in the extrapolated limit
of n, — 0, indicating the presence of a solvent-viscosity-independent resistance to
folding (Q1u and Hagen, 20044a; Cellmer et al., 2008; Soranno et al., 2012). |Hagen (2010)
has proposed a heterogeneous reaction friction model with the unfolded and native states
separated by two consecutive barriers, one for each mode of friction, as an explanation
for the presence of dry internal friction.

One of the main objectives of this thesis is to propose an experimentally realizable
protocol that could be used for the measurement and distinction between these two types
of internal friction.

The other central goal is to computationally study the dynamics and rheological
response of polymer models with internal friction. Our approach to this objective is
rather markedly affected by the level of coarse-graining, or the number of beads (V)
in the polymer model, that we choose. The reasoning is as follows. In the standard,
polymer kinetic theory (PKT)-based procedure (Bird et al., 1987b; Ottinger, 1996) for
the solution of bead-spring-chain models through Brownian dynamics simulations, the
equation of motion for the velocities of the connector vector that connects neighboring
beads is combined with an equation of continuity in probability space to obtain a

Fokker-Planck equation for the system, and the equivalent stochastic differential equation



is integrated numerically. The inclusion of internal viscosity, however, results in a
coupling of connector vector velocities and precludes a trivial application of the usual
procedure for all but the case of a dumbbell which has just a single connector vector.
The dumbbell model may therefore be solved, after considerable algebra, using the
conventional approach. For bead-spring-dashpot chains with more than two beads,
however, a methodology for the decoupling of connector vector velocities needs to be
formulated before the usual approach can be followed.

The simplicity offered by the dumbbell model makes it an ideal platform to begin our
rheological investigations. While the effect of fluctuations in hydrodynamic interactions
(HI) on the rheology of dilute polymer solutions is well documented (Larson, 2005;
Schroeder, 2018; |Prakash, 2019), studies on models that simultaneously incorporate
fluctuating hydrodynamic interactions and internal viscosity are scarce (Hua and
Schieber, 1996), with the majority including hydrodynamic interactions in a pre-averaged
manner (Manke and Williams, |1992; |Dasbach et al., 1992). We use Brownian dynamics
(BD) simulations to solve a dumbbell model which incorporates finite chain extensibility,
fluctuating internal friction and hydrodynamic interactions, in order to study the relative
roles played by internal friction and hydrodynamic interactions in determining the
dynamics of polymer molecules.

Williams and coworkers have developed a methodology to decouple the connector
vector velocities in a bead-spring-dashpot chain with more than two beads, and provide
semi-analytical approximate solutions to the stress jump (Manke and Williams, |1988)
and linear viscoelastic properties (Dasbach et al., [1992)). We aim to expand the scope of
their decoupling methodology, and provide an exact solution to the bead-spring-dashpot
chain model with fluctuating internal friction that is valid both at equilibrium and in the
presence of a flow field.

A commonly used theoretical framework for interpreting the results of experiments
and simulations on biopolymers with internal viscosity is the Rouse model with internal
friction (RIF) (Khatri and McLeish, [2007), and its variants (Cheng et al., 2013; [Samanta
et al., 2014} Samanta and Chakrabarti, 2016). While these models remain preferred due
to their analytical tractability, their accuracy, from a theoretical standpoint, has so far been
unquestioned. We aim to first establish a formal connection between the RIF model and
the bead-spring-dashpot model prevalent in the PKT literature, and then compare the RIF
model predictions for observables at equilibrium and in flow, against those obtained from
simulations on the exact model which incorporates fluctuations in the internal friction

force.



6 Introduction

This thesis is organized as follows. A brief description of the coarse-grained polymer
model used in this thesis, along with an explanation of the various bonded and non-
bonded interactions, is given in Chapter 2, The development and validation of a protocol
for the measurement of internal friction is described in Chapter In Chapter 4, the
rheological consequences of internal friction and hydrodynamic interactions in a finitely
extensible dumbbell model are examined in detail. A methodology for obtaining the
exact set of governing equations for the bead-spring-dashpot chain model is developed in
Chapter |5} and the material functions for a Rouse chain with fluctuating internal friction
in simple and small amplitude oscillatory shear flow are presented. The importance of
fluctuations in the treatment of internal friction is assessed in Chapter|6] by comparing the
analytical predictions of the RIF model against results from simulations of an exact model
with fluctuating internal friction. The key contributions of the thesis are summarized in

Chapter 7] along with suggestions for future work.



Chapter 2

Materials and Methods

2.1 Model description

Ny —1 Ny, —2

Figure 2.1: Representation of a polymer chain as a sequence of beads connected by
spring-dashpots. The stiffness of each spring is H, and the damping coefficient of each

dashpot is K.

We consider N, massless beads, each of radius a, joined by N = (N, — 1) springs,
and a dashpot of damping coefficient K in parallel with each spring, as shown in Fig.
Hookean springs are completely defined by their stiffness, H, whereas finitely extensible
springs with a nonlinear force law require the specification of additional parameters, as
discussed later in Section The position of the v bead is denoted as r,, and the
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connector vector joining adjacent beads is represented as Q,_, = r, — r,_;. The centre-
of-mass of the chain is denoted by r. = (1/N,) ZC’:" , Iv- The chain, as shown in Fig.
is suspended in a Newtonian solvent of viscosity 7y where the velocity v at any location
r¢ in the fluid is given by ve(rs, 1) = vy + k() - r¢, where vy is a constant vector, and the
transpose of the velocity gradient tensor is denoted as k = (Vug)”. The bead friction
coeflicient is defined as ¢ := 6an,a. The chain is assumed to have completely equilibrated
in momentum space, and its normalized configurational distribution function at any time
tis specified as ¥ = ¥ (ry, 12, ..., 1y, 1) = Y (1, 0, Qs ... On. 1) = (1/ D) exp [/ kpT],
where ¢ = ¢ + ¢FV denotes the total intramolecular potential energy, which has
contributions from the springs joining the beads, ¢°, and the nonbonded interactions
due to excluded volume interactions, ¢V. The total intramolecular potential energy
depends only on the internal coordinates of the chain {Q;}, and not on its centre-of-
mass, r.. The partition function which appears as the normalization constant is defined
as Z = f exp [-¢/ksT]dQ,dQ, ... dQ,. The expression for the internal viscosity
force, F}’, in the k™ connector vector may be written as F;' = K (Qka/ Qi) - [0,1.
where [[...]] denotes an average over momentum-space. The internal friction parameter,
¢ = K/, is defined as the ratio of the dashpot’s damping coefficient to the bead friction
coefficient. The usage of € = 2¢ as the internal friction parameter is also prevalent in
the literature. The characteristic length- and time-scales are defined to be I; = VkzT/H,
and Ay = {/4H, respectively, and the scaled dimensionless quantities are denoted with an
asterisk as superscript.

Within the framework of polymer kinetic theory (Bird et al., |1987b)), the Fokker-
Planck equation for the configurational distribution function is obtained by combining a
force-balance on the beads (or connector vectors) with a continuity equation in probability
space. The force-balance mandates that the sum of: (i) the internal friction force due
to the dashpot, (ii) the restoring force from the spring, (iii), the force due to excluded
volume interactions, (iv) the random Brownian force arising from collisions with solvent
molecules, (v) the hydrodynamic force responsible for the solvent-mediated propagation
of momentum on each bead, and (vi) external forces, if any, equals zero. It is convenient
to work with connector vectors, rather than bead positions. For the general case of
bead-spring-chain models with internal friction, excluded volume, and hydrodynamic
interaction effects, the following equation has been derived in [Prakash (1999) for the

momentum-averaged velocity of the k™ connector vector

dlnY¥ 5_¢+KQ1Q1

50, "0, " @

. 1 - .
Q0 =«-Q; - 7 Z Ay - (kBT : [[Qz]]) (2.1)
=1
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where
I‘Ikl = Ay + & (g + Qi + Qipr + Qi) (2.2)
and Ay = Ao where Ay, are the elements of the Rouse matrix, given by

2, k=1

Ay=9q -1; k=-1I=1 (2.3)

0; otherwise

and €, represents the hydrodynamic interaction tensor discussed below. The equation of
motion for the connector vector velocity is then substituted into a continuity equation for

the configurational distribution function, given by

N
‘Z—\f =- ; a%j {10, 1¥) (2.4)
in order to obtain the Fokker-Planck equation and ultimately the set of governing
stochastic differential equations, which are numerically integrated using Brownian
dynamics simulations. Note that for homogeneous flow profiles, the continuity equation
may be written solely in terms of the relative coordinates, ;. Under such conditions,
the distribution function ¥ (r., Q,, Q,, ...Qy, t) can be replaced by ¥ (Q,, Q,, ...Q . 1). The
exact governing Fokker-Planck and stochastic differential equations (SDE) are specific to
the system being studied, and have been presented in the diffferent chapters that follow
for the different problems that have been considered here.

A brief explanation about the bonded and non-bonded interactions that appear in
Eq (2.1) is given below.

2.1.1 Hydrodynamic interaction tensor

The general form of the hydrodynamic interaction tensor, £2,,,, is given by

3a
4L ryy

where r,, = r, — r, is the interbead separation and the coefficients ./ and %, according

|
Q, = A6+ B (2.5)

2
I

to the Rotne-Prager-Yamakawa (RPY) definition (Rotne and Prager, |1969; Yamakawa,
1971), are given by
2a® 2a°
,52%:(1+i), ,%’:(l—i) for 1, >2a

2
3’",”

(2.6)

r, (8 3r 1 /7r,,\2
o = (S 2w %’:—(ﬂ) for 1, <2
2a(3 4a) 8 o Tw=d
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where r,, = |r,|, and the hydrodynamic interaction parameter is defined to be, h* =
a*/ \/r, with h* = 0.0 denoting the free-draining case.

For the special case of dumbbells (N, = 2), there exists an alternative means of
describing the hydrodynamic interaction effects between the two beads, given by the

Regularized Oseen Burgers (ROB) expression (Zylka and Ottinger, [1989),

Q) = é—“Q{wa + @QQ_?} 2.7)

where Q(Q) = Q1,,0=0Q,=r, —r,p =2a/ V3, and
of = 0°+(1/2)p*0" + (9/2)p*O°
(0% + p?)’
_ 0° + (3/2)p*Q* — (3/2)p* 0
(0% + p2)’

In Brownian dynamics simulations, the hydrodynamic interaction tensor must remain

(2.8)
B

positive-definite for all values of the interbead separation. It was found that this
regularization of the Oseen-Burgers expression for the HI tensor has a smooth dependence
on Q, is positive-definite for all values of Q, and agrees with the RPY tensor to order
0~ (Zylka and Ottinger, |1989).

2.1.2 Spring potential

The simplest form of the potential energy that is stored in a spring connecting
neighboring beads is the harmonic potential, which corresponds physically to an infinitely

extensible spring, and has the following mathematical representation:
1
ik = HQ’ (2.9)

For finitely extensible springs, with a maximum allowed length of Q,, given below are

two commonly used expressions for the spring potential

1
Prexe = —5HQIn|1 - (Q/Qu)’] (2.10)

s _H_Q%[(gf ! __1(2)] 211
=3 o) 20000 210 @10

The quantity b = H Qé /kpT is taken to be the finite extensibility parameter.

The force-extension behavior of springs with the FENE potential (Warner, [1972)
is qualitatively similar to the inverse Langevin function, and is commonly used in BD
simulations (Hua and Schieber, 1995} Prabhakar and Prakash, 2006) due to its simpler

functional form.



2.1 Model description 11

The elasticity of double-stranded DNA is known to be well approximated by the
Marko-Siggia spring potential (Marko and Siggia, [1995), and it is widely employed
to model the force-extension relationship in synthetic polymer molecules (Black et al.|
2017), as well as biopolymers (Latinwo et al., 2014; Raman et al., 2014; Sunthar and
Prakash, 2005; Sasmal et al.|,[2017).

At small values of the fractional extension, Q/Qy, both the FENE and the Marko-
Siggia potentials mimic the Hookean spring potential. At large values of the fractional

extension, the FENE and Marko-Siggia potentials diverge.

2.1.3 Excluded volume interactions

The excluded volume interactions between beads are modelled using the
Soddemann-Diinweg-Kremer (SDK) potential (Soddemann et al., 2001), whose

functional form is given by

12 6
EC
r r
o) | = 2
kgT ; {cos (m1 (L) + mz] — 1] ; 200 <1 < rew (2.12)
O; r Z rCut

The minimum of the potential occurs at at » = 2!/, and the value of the potential
at this location is ¢SPX = —€kpT. As seen from Eq. , the repulsive part of the
pair-potential is modeled after the Weeks-Chandler-Andersen (WCA) potential, while the
attractive part is constructed using a cosine function which smoothly approaches zero at
the cut-off distance, r.,. A detailed comparison of the SDK potential with the Lennard-
Jones and the WCA potential has been performed recently (Santra et al., 2019). The
parameter values for m; and m, depend on the choice of r.,. They have been refined
by Santra et al. (2019) in comparison to the values in the paper by Soddemann et al.
(2001) in order to be more applicable to BD simulations. Setting € = 0 in Eq. (2.12)
leads to purely repulsive inter-bead interactions, and corresponds to the athermal limit of
solvent quality. Increasing the value of € beyond zero results in a decrease in the solvent
quality. A special feature of the SDK potential (Santra et al., 2019) is that modifying the
value of € allows one to tune the attractive interactions selectively, without affecting the
repulsive branch of the pair-potential. This is in stark contrast to the more commonly used
Lennard-Jones (LJ) potential for which changing the well-depth affects both the attractive
and the repulsive branches. Furthermore, the exact truncation of the SDK potential at

the cutoff distance results in an increased computational efficiency (Soddemann et al.,
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2001) in comparison to the LJ potential whose long attractive tail approaches zero only

asymptotically, at large inter-bead separations.

2.1.4 Flow profile and material functions
The flow tensor, k, for simple shear flow has the following form

010
k=K' =7[0 0 0 (2.13)
000

and is characterized by the following viscometric functions

Tp.xy
My = ——
P ¥y
Toox — T,
¥, :—[M] 2.14
2 (2.14)
Toyy — T
‘PZ:—[ p,yy‘z P,ZZ]
¥

where 7, ,, refers to the xy element of the stress tensor, and n,, ¥, and ¥, denote the
shear viscosity, the first normal stress coefficient, and the second normal stress coefficient,
respectively. In the time dependent period before steady state is reached, in accord with
conventional notation, the transient viscometric functions are denoted by n,,, ¥}, and ‘7.

For small-amplitude oscillatory shear flow, we have

010
K ="7ycos(wt)[0 0 0 (2.15)
0 0O

The material functions relevant to this flow profile, n'(w) and n”"(w), are given by
— Tpy = 17 (W)Yo cos(wt) + 17" (W)Yo sin(wt) (2.16)

Where appropriate, the viscometric functions have either been scaled by their respective

Rouse chain values, nR and PR, in steady shear flow, given by (Bird et al., 1987b)

R Ng -1
" = npkpT Ay 3 (2.17)

(N — DQ2NZ +17)
45

PR = 2npkBTA§,[ (2.18)
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or by the Rouse values of the real and imaginary portions of the complex viscosity given
by (Bird et al., 1987b)

N
Y
NW=nkgT Y —L— (2.19)
() Npkp ; 4 (/ljcu)z

2
/1ja)

N
(") = npksT )| ——— (2.20)
=1 1+ (/lja))

where A; = 24y/a;, and a; = 4 sin’ [ jr/2N,] are the eigenvalues of the Rouse matrix.
Note that the dynamic viscosity, 77’, has the solvent viscosity contribution subtracted off
and the convention is followed throughout this document, wherever data for 7" has been
reported. Where appropriate, shear rates and angular frequencies are scaled using 4, =
(nR / npkBT), which is the characteristic relaxation time defined using the Rouse viscosity.
In this chapter, we have described the bead-spring-dashpot chain model and the
various bonded and non-bonded interactions commonly considered in the theoretical
study of such models. The cases considered in the subsequent chapters contain various
combinations of the interactions described in the present chapter. Chapter |3| represents a
special case which considers coarse-grained models whose terminal beads are subjected
to external trapping potentials, and the relevant equations for these external potentials are

presented in the next chapter.






Chapter 3

Wet and dry internal friction can be

measured with the Jarzynski equality

3.1 Introduction

The existence of two types of internal friction—wet and dry—has been briefly discussed
in Chapter |1, where it was pointed out that the classification is made depending upon
if the internal friction couples multiplicatively (wet) or additively (dry) with the solvent
friction. A brief overview of the extant approaches for the experimental quantification of
internal friction is provided below, followed by a description of our proposed protocol for
its measurement.

The dynamics of protein reconfiguration is commonly quantified experimentally by
tagging the molecule with fluorescent donor-acceptor pairs along their contour length,
and extracting a characteristic reconfiguration time from the autocorrelation of the
fluorescence signal (Soranno et al., 2017, 2018). In order to isolate the effects of
the solvent and internal friction on the dynamics of the molecule, reconfiguration time
measurements are first performed at various values of the solvent viscosity (Qiu and
Hagen, 2004a; Pabit et al., 2004; Cellmer et al., 2008; Hagen, 2010), followed by a linear
extrapolation of these measurements to extract a characteristic timescale in the limit of
zero solvent viscosity (7, — 0). This timescale is taken to represent the resistances to
protein reconfiguration that are solely intramolecular in origin, and independent of the
solvent viscosity, and is the commonly accepted operational definition for dry internal
friction (Qiu and Hagen, 2004a; Avdoshenko et al., [2017; Soranno et al., 2017). This
metric, however, does not provide a direct quantitative measure of the internal friction

coeflicient. The definition also does not apply to the case of wet internal friction (Soranno

15
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et al.,2012; Hagen, 2010), which has a finite contribution at non-zero values of the solvent
viscosity, but vanishes in the extrapolated limit of , — O.

Advancements in single-molecule-force spectroscopy have enabled an accurate
estimation of the conformational diffusion coefficient of small biomolecules hopping
between native and unfolded states (Chung and Eaton, 2013; Chung et al., 2015;
Neupane et al., 2016, 2018), and an effective friction coefficient could be calculated,
in principle, from these diffusivity measurements. For example, the conformational
diffusion coeflicient of single DNA hairpins (Neupane et al., [2017) is found to depend
significantly on the relative number of adenine-thymine (A:T) and cytosine-guanine (C:G)
base-pair contacts, with a higher C:G content correlated to an increased diffusion constant.
This difference has been suggested to originate from differing barriers to dihedral angle
rotation, and consequently differing values of internal friction, for the A:T and G:C
contact formation process. Such measurements, however, would not determine if the
internal friction were of the wet or the dry type unless they were performed at multiple
solvent viscosities, followed by extrapolation to the limit ; — 0. There is clearly a need
for a protocol that can directly estimate the internal friction coefficient and distinguish
between the two types.

Stretch-relaxation experiments on condensed DNA globules by Murayama et al.
(2007) have found that the work dissipated in the process is about an order of magnitude
higher than the solvent friction contribution estimated from slender-body hydrodynamics,
and the internal friction coefficient is estimated to be ~ 1077 kg/s by ignoring the solvent
contribution altogether. Netz and coworkers (Alexander-Katz et al., 2009; Schulz et al.,
2015a) have proposed a protocol in which the work required to stretch a macromolecule
is separated into two parts: reversible free energy increase due to the extension of the
molecule, and irreversible work required to overcome rate-dependent restoring forces
arising from solvent and internal friction. Within this framework, they show that the
average dissipated work in the simulated stretching of polypeptides (Schulz et al., 2015a),
in the limit of n; — 0, scales with the number of intramolecular hydrogen bonds, which
are considered to be responsible for internal friction. The internal friction coefficient
estimated from these simulations is ~ 107'° kg/s. The dissipative signature of internal
friction therefore appears to be a viable alternative for its quantification.

Jarzynski (1997) derived, in his landmark communication, a recipe for the
estimation of the free-energy difference, AA, for a microscopic system transitioning from
an initial state to a final state at a finite rate. The work done in a single realization of
this transition is denoted as W, and is a stochastic quantity due to thermal fluctuations.

The work statistics are related to the free energy difference by the Jarzynski equality (JE)
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given by

(exp [-W/kpT]) = exp [-AA/kpT];
(Wais) = (W) — AA

(3.1)

where the (...) in Eq. represents an average with respect to the probability distribution
of work values. This equality has since been experimentally validated (Liphardt et al.,
2002) by measuring the free-energy difference of a single RNA molecule stretched by
holding one end of the molecule stationary using a force-measuring optical trap and
pulling at the other end using a micropippette.

Here we propose a novel application of the Jarzynski equality (Jarzynski, 1997,
2007)) and show that by focussing on measuring the dissipation associated with stretching
a macromolecule rather than on obtaining the free-energy difference, a quantitative
measure of the internal friction can be obtained. The JE has been routinely employed for
reconstructing the free energy landscape of biomolecules from experiments (Harris et al.,
2007} \Gupta et al., |2011) and simulations (Hummer and Szabo, 2010; Hodges et al.,
2016), while dissipation has largely been ignored (except for estimating the accuracy
of the free-energy difference (Ritort er al., 2002; Jarzynski, 2006; |Yunger Halpern
and Jarzynski, 2016)). In the proposed protocol, multiple realizations of the pulling
experiment are performed and the JE is used to extract both the free-energy difference
and the average dissipated work at finite pulling rates. Prior studies (Murayama et al.,
2007; |Alexander-Katz et al.| 2009; [Schulz et al., 2015a) estimate AA from the work
done in the quasi-static limit (Callen, 1985) and calculate (Wy;s) at finite pulling rates
by subtracting AA from the total work done, rather than estimating both components of
work simultaneously, as is done here.

In essence, the proposed protocol consists of calculating (Wy;s) at fixed values of
both the pulling velocity v and distance d over which the molecule is stretched, but at
various values of 7. The value in the limit n; — 0, <Wdis>nﬁo» is then obtained by
extrapolation. By repeating this process for a number of values of v and plotting the ratio
(Wdis>,75_>0 /d as a function of v, the internal friction coefficient can be determined from
the slope of the linear region at sufficiently small velocities. Clearly, dry internal friction
corresponds to cases where (Wdis)"s_)() is non-zero, while wet friction is indicated when it
is zero. In the latter case, the protocol measures the enhancement in friction at any finite
value of 7.

The validity of the proposed protocol is established for both types of internal friction
using coarse-grained polymer models. Additionally, since hydrodynamic interactions

(HI) are known to affect the dynamic response of polymers (Prabhakar and Prakash, 2002;
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Sunthar and Prakash, 2005; [Larson, 2005; |Schroeder, 2018; [Prakash, 2019), the effect of
HI on dissipated work is also examined.

For dry internal friction, a spring-dashpot model (Kuhn and Kuhn, |1945; Manke and
Williams, 1985 | Khatri and McLeish, [2007;[Samanta and Chakrabarti, 2016)) is considered
where the molecule is represented as massless beads connected by a spring and dashpot
in parallel with each other. The spring accounts for entropic elasticity, while dissipative
effects due to internal friction are captured by the dashpot (Bird et al.,|1987b). The drag
on the beads is responsible for solvent friction. By its very construction, this model
describes dry internal friction, as the dashpot contributes to dissipation even in the limit of
ns — 0. Within this framework, two examples are considered. In the first case, the work
distribution for a free-draining Hookean spring-dashpot model subjected to constant-
velocity pulling is analytically calculated. In the second case, pulling simulations on
a nonlinear-spring-dashpot model with fluctuating HI are performed using Brownian
dynamics (BD). In both these cases, it is demonstrated that the internal friction coefficient
estimated from (Wy;) in the limit n;, — O is identical to the damping coefficient of
the dashpot, which is a model input parameter, thereby establishing the validity of the
proposed protocol. It is also shown that HI does not affect (Wgs).

For wet internal friction, a bead-spring chain with cohesive interactions between
the beads is considered. A similar model was used by Netz and coworkers (Alexander-
Katz et al., |2009) to compare simulated values of internal friction with experimental
data on force-induced unraveling of collapsed DNA (Murayama et al., 2007). By using
Zwanzig’s interpretation (Zwanzig, |1988) to estimate energy landscape roughness due to
cohesive interactions, they implicitly assume wet internal friction. Using our protocol, it
is established directly that the internal friction due to cohesive interactions in this coarse-
grained polymer model is wet in nature. Further, it is observed that while HI reduces the
total resistance to pulling, the enhancement in the friction coefficient remains unaffected.

The rest of the chapter is organized as follows. In Sec. analytical calculations
and Brownian dynamics simulations on a spring-dashpot model are presented. Sec.
covers the application of the protocol to pulling simulations on a single polymer chain
with cohesive interactions between the beads. A discussion of the results and concluding
remarks are provided in Sec.

3.2 Dry internal friction

The work statistics of Rouse chains tethered at one end and subjected to various finite-rate

pulling protocols at the other are analytically calculable (Speck and Seifert, 2004, 2005;
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Dhar, 2005} Varghese et al., 2013) owing to the equilibrium configurational distribution
function of such chains being a Gaussian. Since the inclusion of internal friction does
not affect the configurational distribution of bead positions at equilibrium, we choose the
simplest model with internal friction, which is essentially a one-dimensional Hookean
spring-dashpot subjected to pulling [in Sec. [3.2.1]], as the starting point of our efforts at
validating the protocol presented in this chapter for the estimation of the internal friction
coeflicient. In Sec. the more general case of a three-dimensional non-linear spring-
dashpot with hydrodynamic interactions is considered which does not admit an analytical

solution and is therefore solved numerically.

3.2.1 One-dimensional free draining Hookean spring-dashpot

The simple analytically tractable dumbbell model is shown in Fig. with one
bead, at ry, fixed at the origin (r; = 0), and the other bead, at r,, connected to a bead at y
which is indicative of the cantilever of an atomic force microscope (AFM), or the location
of the optical trap. The dumbbell is suspended in an incompressible, Newtonian solvent of
viscosity 7s. The bead radius is taken to be a, and its associated friction co-efficient given
by { = 6nnsa. The bead at y is manipulated using a pre-determined protocol, given by
X = x(#). The derivation presented here holds for arbitrary time-dependent manipulations
of the free end of the polymer model, but in this section and for the rest of the chapter, we
focus attention on the constant-velocity pulling protocol commonly encountered in single-
molecule force spectroscopy (Harris et al., 2007; |Gupta et al., 2011). All the springs
considered in the present model are Hookean: the spring in parallel with the dashpot has a
spring constant of H, whereas the spring connecting the spring-dashpot setup to the driven
bead has a spring constant of ¢, H, where c¢; is an arbitrary positive constant. The damping
coeflicient of the dashpot is denoted by K. It is evident that the only degree-of-freedom in
the system is r,, which is allowed to execute stochastic motion. The Hamiltonian of the

system is then written as

H H
H =3+ 2= [ - xF (3.2)

We now present the steps for obtaining a governing equation for the motion of the bead
at r,. As described in Chapter [2, the Fokker-Planck equation for the configurational
distribution function ¥ (r,,7) can be derived by combining a force balance on the beads
with an equation of continuity in probability space (Bird et al.,|1987b). The force balance
essentially states that the (i) the internal friction force due to the dashpot, (ii) the restoring
force due to the finitely extensible spring, (iii) external forces (like the force due to the

optical traps, in the present case), (iv) the random Brownian force due to bombardment by
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Figure 3.1: Schematic of a one-dimensional polymer model subjected to pulling. (a) A
cartoon depicting a single polymer strand that is tethered to a surface at one end, and
attached to a bead at the other end. The bead is under the influence of an optical tweezer
whose position is varied in time according to a deterministic protocol. (b) Representation
of the polymer as a single-mode spring-dashpot, connected to a bead that is manipulated
by a predetermined protocol, y(#). Internal friction is modeled using the dashpot, whose
damping coefficient is K. The Hookean spring constant associated with the spring of the

polymer is H, and that associated with the trap is c, H.

solvent molecules, and (v) the hydrodynamic force responsible for the solvent-mediated
propagation of momentum on each bead, must sum up to zero. The force balance over the

free bead may then be written as

OH oln ¥
0 = —{li2]l = — — K[[i2] — kgT (3.3)
or, or,
Upon simplification,
oln ¥
{0l = = (c2 + 1) Hry + o Hy (1) — K[[7»] - kBT( o ) (3.4)

Grouping together the terms containing [/, ], and defining o = [1 + (K/{)] = (1 + ¢),

_(C2+1)Hr +c2H -
go ? KQX fo

The equation of continuity for the probability density, ¥ (r,, ), is written as

[i] = kB_T(aln ‘I’)

. (3.5)

oY 0

vl —a—rz([[fz]]\y) (3.6)
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Substituting the expression for [/,] from Eq. (3.5) into Eq. (3.6, one obtains

M 9 {{—@2+1)H oH ]T}+}(2hﬂjahy

= + t __
o on o 2t x® 2\ 20 ) o

(3.7

The stochastic differential equation corresponding to Eq. (3.7) is given by (Ottinger}|1996)

dr, = [‘(62 tDH | of m] N (3.8)
o o o

where W, represents a Wiener process, and has dimensions of [time]'/?. Eq. (3.8)) can be

recast in the Langevin form as

dr, _ _(6‘2 + 1)H cH 2ksT
v o + Zo x(1) + \/ Zo Ja(1) (3.9)

where (fz(1)) = 0 and (fz(?)fa(t")) = 6(t — t'), and f3(¢) has dimensions of [time] /2.
For ease of algebra, it is convenient to work with non-dimensional variables until the
need for dimensional variables arises. Setting (") = fg() Ay, where < fg(t*)> = 0and
< fRa)fE (tT)> = 6(t" — t]), the variables in Eq. |i are cast into their dimensionless form

as,
lH dr; _ (C2+1)H " CzH . 2kBT fg(t*)
()a = e o B () e

Multiplying Eq. (3.10) throughout by (Ay/ly), and simplifying, the dimensionless

Langevin equation is

d * K (g%
@ _letDH, oc) 1 \/éfg(t*) (3.11)
dr 40 4o o\2

which may be rewritten as

dry __Er cx'@)
dr- o 40

+ lg(t*) (3.12)
0

where E = [(c; + 1) /4], and the noise term, &(¢*), obeys (£(t*)) = 0 and

M) = 556" = 1) (3.13)
The solution to Eq. is given by
B = FO)GE) + é f dG (¢ — 1) (CZX 4(”) n g(f;)) (3.14)
0

where G(t*) = e E"'/e,
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The work done during one realization of the pulling performed in the interval [0, 7]
is (Hodges et al., 2016; |(Chaki and Chakrabarti, 2018))

W= %{dt %th
0 Ox

= szHC\/(t) — ) x(t) dt
0
= kT [cz f(,\/*(t*) )X (@) dt*] (3.15)
0
and the dimensionless work, W* = W/kgT, is then
* C * * * T* k ook * >k

W :32[)(2 () - x* (0)]—czfdt)((t)r2 (3.16)

0

Upon substituting the expression for 7 from Eq. (3.14) into Eq. (3.16), one obtains

W= 2@ - ) -e [ arve(poco s £ [ ace -nee)
2 0 4o Jo

1
+—j‘MGw—mam)
© Jo

It is clear that the distribution of W* ought also be Gaussian, since W* is linear in r5(0)

(3.17)

and £(t), both of which are Gaussian variables. It therefore suffices to evaluate the mean
and variance of W* in order to completely determine the distribution. There is only one
bead that is allowed to move freely in this problem, and as a result, the dimensionless
free-energy, A* = —In Z*, can be obtained once the dimensionless partition function, Z*
is known.

The dimensionless partition function of the system can be derived to be,

. e H 2n cox*?
f = ———\|dr; = - 3.18
< Lo eXP[ kBT] E <c2+1)e"p( 2(c2+1)) 19
and the dimensionless free-energy, A* = —In Z", is then simply
AT () = | =—2— |, 3.19
)= [2( C2 + 1) ( )

after ignoring constant prefactors. The probability distribution function for the position

)
. [ e
r2—(62+1)]} (3.20)

of the bead is given by

1/2
W () = - 1 exp[ 7{]:(@+1) exp{—%(c2+1)

kgT 2
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and the moments of the distribution are

W OX
1
(5 =) = 5 (3.22)

The expression for the average work is obtained by taking an ensemble average of

Eq. (3.17),

W) =S e @ - 0] - [ arewfew oy £ [ ance -nea
2 0 4o Jo

(3.23)
Substituting Eq. (3.21) into the second term on the RHS of Eq. (3.23),
2 T
* C * k * c * k o % * k
W)= 2 @) x> O - Z20) [ arg @6
2 C) + 1 0
o . (3.24)
CZ ’ % ok % ' * % * %%
_4_f ey (t )f driG (t" — 1) x" (1))
© Jo 0
The underlined term is simplified as
f diG (1" — 1) x' (1) = f diy exp | ————— X" (1})
0 0 Q
(3.25)
fﬁ dtiy (1)) d E"exp E(t* _ IT)
= X + @ [
0 1 1 dtl 0
Integrating expression on the RHS of Eq. (3.25]) by parts,
r* | E (l‘* - IT) r
f dnG (1" =) x" (1) = [X*(IT)QE‘ exp —T]
0 0
(3.26)
g . 1 E (t* B IT)
—f dipx"(f)oE™ exp | -————
0 0
one obtains,
g * * * * % %% -1 * -1 Er
d6iG (= 1) x" (1) = }"()eE™| - [x" (0)oE™" exp | - -
0
(3.27)

-
- f dti ())0E ™" exp |-
0 Y

which can then be written as

[ dtTG(f*—ff)X*(fT):QE_l{X*(f*)—X*(O)G(t*)— [ dth*(ti‘)G(r*—tT)} (3.28)
0 0
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Substituting Eq. (3.28)) into Eq. (3.24) and simplifying,

2 T 2 7"

W = 2 @) = O] - —2=x'0) f Ay (G - —2 f Ay (' (1)
2+ 1 0 c+1Jy

(3.29)

c2 T . r*
2 f dr f 4 (G (F = £) 4 ()
2+ 1 Jo 0

a’t

dt'y ()G +
0 Cy +

one obtains

dt ()G (- 1)) X" (1)

(3.30)

o\ (%] 2 2
<W>—(—2(cz+1))[)( (@) —x* (0] +

Recognizing that the first term on the RHS of Eq. (3.30) is the free-energy difference,
= A* [xy*(*)] — A* [x*(0)], with A given by Eq. (3.19), the expression for the average

work can be rewritten as

(W) = AA* + dr i de; [ ()G (= 1) X" ()] (3.31)

Using Egs. (3.17) and (3.23)), the variance of the work distribution, o2 =
<(W* - <W*))2>, 18 written as,

o’ = fo dr' fo dri ()GEO[((r500) = (50 ) |Gl @) (3.32)

C2 1 1] . T* 1 _ _ o _
+ Q—g f dr; f dr; f dt; f diy ()G (t; - TEIED) W ()Gt = ),
0 0 0 0 —r
Eqgs. (3.22) and (3.13) can be used to simplify the underlined terms in Eq. (3.32)), and we

obtain,

o = f dr f dy ¥ (GG (1) (3.33)

Cl+1

C T 1 — a > ~ —~ —~ o~ ~
+2—2 f dt, f dt f dt, f dt, X" (1))G(t] — 1))0 (t’f—t;) X ()Gt - 1)
© Jo 0 0 0

Subsequent integration overﬁ‘ in the second integral yields

o’ = f dr f dty (GG ()

e+ 1

) (3.34)
C T* T* 2 . . .

t5o | dn f dr, f di, ¥ () (5)G( =BG = 1)

© Jo 0 0

The following identity
20

f dEG@ - TG - T = (—) [G(t’f — ) - G(t))G(53) (3.35)
0 o+ 1
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can be used used to simplify the second term on the RHS of Eq. (3.34), resulting in the

following expression for the variance of the work distribution

2c;
(02+ l)f dr f dipx” ()G — 1)) (1) (3.36)

From Egs. (3.31) and (3.36)), it is readily seen that

2

(W*y = AA* + % (3.37)

and the average dissipated work is given by
* * * O-
(W)= (W —AA™ = > (3.38)
It follows that the probability distribution of work is given by

1
PHW) = ex
( V2ro? P

The quantities (W*), AA*, and <W;‘is> have been calculated analytically without explicit

* *\\2

2072

recourse to the Jarzynski equality. This is a consequence of the governing equation being
linear in the position variable and the noise term, resulting in a Gaussian distribution of

the work trajectories. The Jarzynski’s equality 1s satisfied trivially for such systems, since

(exp (-W")) = f " exp (CW) PWAW

=exp (—AA") (3.40)

which has also been reported previously (Jarzynski, |1997; |Speck and Seifert, 2004).

The development so far is applicable to any arbitrary pulling protocol, y*(¢#*). The
particular value of the average dissipation is dependent on the protocol used to transition
the system between its initial and final states. We now consider the special case of constant
velocity pulling. Within this framework, y*(t*) = x* + (d*t*/7*), implying that the last
bead is moved across a distance d* over a time 7", with a dimensionless pulling velocity
given by y*(*) = v* = d*/7*. xV* and yV* represent the position of the last bead at r* = 0
and t* = 7" respectively. Under this protocol, the free energy difference, AA*, is given by

(X*m)z _ (X*(i))z] , (341

T 2(cr+ 1)

*

and the average dissipated work can be evaluated to be

S ‘3 . (c2 + D’
1) ov'd + 16(—( o 1)3)920 2 [exp (——240*&) )— 1] (3.42)

&)
W)y =4
< d1s> (C +

2
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It is now appropriate to obtain the expression for the average dissipated work in the
limit of zero solvent friction. Since the solvent friction is absorbed into the definition
of the timescale, it is first necessary to convert all quantities in Eq. to their
dimensional form, before taking the limit. Using the non-dimensionalization scheme

discussed previously in Chapter 2, we obtain

2 2 2.2
_ & G +K)v _H(e+1d\
(W) gis _(c2+1) ¢+ K)vd + T i [ex ( N7V oTE ) 1} (3.43)

In the extrapolated limit of zero solvent friction, { — 0 by definition of the bead-friction
coefficient. Upon taking this limit in Eq. (3.43)),

2 2 2.2
s c; K% H(c; +1)d
<” >d1s,775—>0 (CZ + 1) va + (02 + 1)3 H |:6Xp( Kv ( )

In the limit of high pulling trap stiffness (¢, > 1), the second term on the RHS of
Eq. (3.44) vanishes, and the parenthesized prefactor in the first term asymptotically tends
to unity, leading to

<W>dis, ns—0

d = KU, (345)

Clearly, the proposed protocol for determining the internal friction coefficient based on
the Jarzynski equality recovers the damping coeflicient K, establishing its validity in the

case of the simple analytical model considered here.

3.2.2 Non-linear spring-dashpot with hydrodynamic interactions

Model description

In the more general case, a dumbbell model with fluctuating internal friction and
hydrodynamic interactions is considered, as shown in Fig. (a). The beads, each of
radius a, are joined by a spring, with maximum stretchability Q, and a Hookean spring
constant H, in parallel with a dashpot of damping coeflicient K. The entropic elasticity
in the dumbbell is described by the Marko-Siggia potential, as given in Equation (2.11])
in Chapter 2. The positions of the two beads are r; and r,, the connector vector joining
the two beads is denoted by Q@ = r, — ry, and the position of the centre of mass by
r. = (1/2)(ry + rp). Note that while the bead co-ordinates are allowed to sample the
entirety of the three-dimensional coordinate space, the pulling is restricted to the x-
axis alone. An alternative protocol in which the pulling direction is also in general
three-dimensional space can be implemented, but this would not alter the analysis and

arguments presented here. The positions of the two beads can be manipulated using
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Figure 3.2: Schematic of the proposed simulation/experiment. (a) Schematic diagram
of the coarse-grained polymer model entrapped between two optical tweezers. The
spring connecting the two beads is finitely extensible, upto a length Q. Internal friction
is modelled using the dashpot, whose damping coefficient is K. The Hookean spring
constant associated with the spring is H. The strengths of the two traps, modelled as
Harmonic potential wells, are H; = ¢;H and H, = ¢, H. (b) The one-dimensional pulling
protocol : the position of the first trap is taken to be the origin, and remains stationary

throughout the experiment. The second trap is moved from its initial position, )((21))( to

(f)

its final position, yx, ,

over a time-interval 7, stretching the spring-dashpot setup in the
process. The difference between the initial and the final positions of the mobile trap is d,

and the velocity of pulling is v,.
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optical traps, modelled here as harmonic potential wells. The trap stiffnesses are denoted
by Hy = c¢;H, and H, = c¢;H (in units of the dumbbell spring constant), and the co-
ordinates of the minimum of the wells are represented by x, and y,, respectively. A
temperature of 7 = 300 K is considered in all our simulations, as a matter of convenience.
The viscosity of the solvent at this temperature is taken to be n,o = 0.001 kg/m s, which
is close to the viscosity of water at room temperature. In this protocol, values of solvent
viscosity which are multiples of 7, will be considered.

In Fig. (b), the pulling protocol employed in this study is depicted. Without any
loss of generality, x, is chosen as the origin of our frame of reference. In all pulling
simulations throughout this work, the first trap is held stationary, and the second trap is
moved from its initial position, ,\/(Zi) = (22,0, 0), to its final position, X(Qf) = (22,0, 0).
The notation “)((21; — )((22” represents such a pulling event. The stretching distance is
denoted by d = [)((212 - )((22], the time interval for stretching by 7, and the pulling velocity
by v = (v,,0,0), where v, = d/7.

In the more general case, the Hamiltonian, #, of the system for any value of the trap

position, x,, is given by
H H.
H = $3s@) + i+ = (= xo) (3.46)

where ¢§/IS(Q) represents the potential energy in the Marko-Siggia spring as given by
Eq. of Chapter The generalized Jarzynski work corresponding to the pulling

protocol discussed above is, in this case, given by

W:fT(ﬁ)'vdt (3.47)
0 \0Xx,

where v = dy,/dt. The average dissipation associated with the stretching process is

calculated using Jarzynski’s equality as shown in Eq. (3.1).

Governing equations

The dumbbell model described in Figure is suspended in a fluid where the velocity
field at any location r¢ is given by v(r, t) = vy + k() - ¢, where v, is a constant vector, and
k = (Vop)T is the transpose of the velocity gradient tensor. In the present work, both v,
and « are set to 0 as the pulling experiments are simulated in a quiescent fluid. However,
these terms have been included in the governing equations for the sake of generality. The
configurational distribution function, ¥ (Q, r., ), denotes the probability of finding the
centre-of-mass of the dumbbell at a position between r. and r. + dr., with an extension

that lies between Q and Q + dQ, at any time t.
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The force balance on the beads can be solved to obtain the following equations of

motion for the position vectors of the beads

O e LR e S
g(é—gg) QQ_? L7 ]]_%(rl _Xl)—Q'H2(r2—X2)) (3.48)
and
|[i’2]1=[§ Eﬁffzfég] (,,O+K r2_2(6 . (;bTiis_kBT(d ‘). 0ln‘I’
5(6_59) %_? L1 - _2(’2_X2)‘9'H1(F1 —)(1)) (3.49)

where Q is the hydrodynamic interaction tensor, defined using the Rotne-Prager-
Yamakawa (RPY) expression as described in Section 1] of Chapter 2| The quantity
[ that appears in Eqgs. (3.48)) and (3.49) is defined as

ﬁzl—g(d+%’) (3.50)

where o/ and % take the form given in Eq. (2.6) of Chapter Using ry = r. —
(1/2)Q; r, = ro + (1/2)Q, and the chain-rule for partial differentiation to operate on
0¥Y/or, and 0¥/0r,, leads to,

. 1 10InY  dlnV¥| d¢ys <20
[[l‘]]]—vo+K-(rC—§Q)+Q ( kBT[z 6rc + (’)Q ] (9]‘2 Q2 [[Q]]
1 kgT[10In¥  9In¥ 13¢MS
—Hz(rc+§Q_X2))_ 7 [E or. 00 ] Z or (3.51)
€00 . H, 1
+§E [[Q]]_?(rC_EQ_Xl)
and
. 1 10In¥  §ln¥ 6¢§45 <20
[[l‘z]]—Uo+K-(rC+§Q)+Q ( kBT[z arc [)Q ] (9]’1 Q2 [[Q]]
1 _ksT[10In¥  9nP| 19¢ys
—Hl (I‘C—EQ—XI)) é’ [2 arc + aQ :| é’ 6,‘2 (352)
eQQ 1
2Q2 |[Q]]—?( c+§Q_X2)
By adding and subtracting Eqgs. (3.51)) and (3.52) suitably, we obtain
I[r'c]]:v0+K-rC—I£(6+{Q)-aln\P——(6 +{Q)-X (3.53)

2L or. 2L
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A s Y _2kBT i
[[Q]]—[(S ,8+1Q2]( 0 620 55
(= Q- ——(0-09Q)-Y 3.54
g( Q) 90 4( Q) (3.54)
where
- H,
—"c(H2+H1)+Q( 5 )_(H2X2+H1X1)
and

H, + H;

Y:rC(Hg—H1)+Q( )—(HZXZ_Hle)

and both X and Y have dimensions of force.

The equation of continuity in terms of r. and Q is given by (Bird et al., 1987b),

oY 0 )
= 1re) - (5 100v) (339

Substituting Egs. (3.53) and (3.54) into the above expression leads to the Fokker-Planck

equation that governs the configurational distribution function ¥ (Q, r., 1),

b
or arc

1 kgT O oY
00+K'rc—2—§(6+é/9)'X:|lP}+2—§a—rc'(6+§Q)'67

C

B 00 > o0S. 1
{H €ﬂ+1Q2] ( 'Q_Z(‘S_m)'@_z(‘s_m)'yﬂw}

+2k3 9 [(6 B QQ) " —{9)] oV

¢ 00 f+1 0 00
(3.56)
We define the following dimensionless quantities,
! 0 0 S ¢Ms 3. X
'=—;Q ==1b=—: K = Auk; ¢; =Wl 3.57
A Iy 7 WG s = T “Vera 7

In terms of these non-dimensional variables, the Fokker-Planck equation assumes the

following form,

é;i*— %-{vS+K*-rz—é(6+§Q)-X*]‘P*} :
: & 00 083, *

s [t~ F | [ e - ge-m gt -e-cor )
1 0 6,3 Q ov*

Y [(‘5 T ) ©- m)] 30" (39)
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Note that 8* and B are both dimensionless. However,

B=1- %(%* + AB") (3.59)

where &7 and 2" can be obtained by recasting all the dimensional quantities in Eq.
into their non-dimensionalized form, and @ is given by @ = (3/4) v/nh*, where h* =
al ( \/%ZH) is the hydrodynamic interaction parameter.

Invoking the identity given in Equation of Appendix D] we may write the
second and fourth terms on the right-hand-side of Eq. in a way that renders the
Fokker-Planck equation amenable to Itd’s interpretation.

Since € (Q*) is independent of r, and

(6_ eﬁeﬁ+ i Qgg ) @ (Q _Qf{ Q)(‘S s QQQ ) (360
the Fokker-Planck equation can be rewritten as follows,

oy 0 {

o or
0 (e |, & @@ 005
50" \|2 o B +1 07 50"

_%(6—59).Y*)]‘I’*}+1 0 9 :[(Q*_M@)(a— 1QQ)‘P] (3.61)

v8+K*~rZ—§(6+m>-x*]mp*}+_ 0 0 |0+ >\P*]

20r:dr: 4

1
] (K Q" -506-0):

260" 00" o g
where
aB Q"+ e(Q — )0 — a(F* + BY)]
9 =0 — SO + 0 —aled + B) (5.62)
205 O —a*a
20 do —aw AN Y ( 07 )

The Fokker-Planck equation (Eq. (3.61))) can be written in the following compact form,

G 18 8 0 16 0
= —— fe¥} + - [eV] - — - (gl + = :[79]  (3.63
o~  or l }+26r§ ar: ¢ I-30° { }+26Q* ag Y1 (63

where the definitions of the quantities e,e,g and g are clear by comparison of

Eas. (361) and (363).

It is convenient to define a collective variable, ¢, which is a six-element vector

containing the Cartesian components of both r} and Q*. Similarly, a six-element vector j
can be defined, containing the components of e and g, along with the definition of a 2 X 2
block matrix 9, whose off-diagonal elements are 0, and the diagonal elements are the
matrices e and g (each of size 3 x 3). With these definitions, the Fokker-Planck equation
in Eq. can be written as

o 0 {‘P} + 13% : [DY] (3.64)

or* dc
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The stochastic differential equation (SDE) corresponding to Eq. (3.64) can be

obtained using the It6 interpretation, as
de = jdt*' + B - dW; (3.65)

where W? is a Wiener process and 8 - 8" = D. The SDE (Eq. 1' is solved using a
semi-implicit predictor-corrector scheme (Ottinger, 1996)), as discussed in the following

subsection.

Solver details

With reference to Eq. , D is a 6 X 6 matrix, and its square root, 8, at any time ¢’ is
found using Cholesky decomposition (Press et al., 2007). Although Eq. is written
in terms of the collective variable ¢, the equation for r; is solved purely explicitly, whereas
the equation in Q" is solved by treating only the spring force term implicitly. For the sake
of clarity, the predictor and corrector equations for r; and Q* are presented separately. It

is useful to define another six-element vector, AS;, as
AS;=8B;-AW; (3.66)

where W is a vector of six independent Wiener processes, each of mean zero and variance
At}f. The first three elements of AS;, denoted by ASJ(.’C), contain the noise contribution to
r;, and the next three elements, denoted by ASJ(.Q), contribute to the noise in Q. In the
following discussion, Eqgs. (3.67)—(3.74)) are in their dimensionless form, but the asterisk

has been dropped from these equations for the sake of notational simplicity.

Predictor step

Fo (tj01) = ret)) + [vo + K(1)) - relt)) = Xu(2))| Aty + AS (3.67)
s €p(t)) 0(t)0(1))
0 (fj+1) = 0()) + k(1)) - Q(t)) — (W) K(t)) : QJTQ)J] (1))
B Q@) g9a) Q) N )
2 (eﬁ(tj) + 1) (1)) T2 (1)) A (.68
where
X, (t) = £ (6 +0QQ)) - X (@ re(t))

3 Bt 0ty
Yoltp) = (6 Biy+1 Q1)

Vb 1 1 (1))
ft) = =2 ——+2(—)
T3 L(l = Q)/ \/5)2 2 \C }

Bl— 00fm—

) (6 -22Q)) - Y(Q; (1)) (3.69)
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and the notations @; and Q(#;) have been used interchangeably to refer to the same

quantity.

Corrector step

re(tjen) = To (tj1) + % |,Ctju0) - e (tj01) = k(2 - e (1)) = Xa(tjn) + Xa(2p)| Aty (3.70)

[1+ S(@) ( Bltjw)
40310\ eB(tj1) + 1

K(tjs1) - Q,-H — k(1) - Qj +q(tjs1) — q(t)) - ?a(tjﬂ) + Ya(tj)]Atj

JAtj]Q(th) = Q(tjﬂ)
(3.71)

1
T2

where

Ro(tp) = 3 (64 00@;.0)) X (@ Flt0)

Fa= o G O] - 0) Y@
Sf(tj) = g l ! 5 - % + 2(M) (3.72)
2(1 - Q(t;:1)/ Vb) \C
o) - EOLO_ (B ) 0000

By setting the length of the vector on the RHS of Eq. (3.71)) to be dg, and the length
of Q(tj+1) to be dy, the following cubic equation is obtained:

330 +4+2)) 3(1+D+2)) 3
o - =0 3.73
v (V[ 220 +3) 20 +3 20 +3 (3-73)
where .
t At; d
o :( ~ﬁ( j+1) ) ]; V= Q .= dr (3.74)
Bt +1) 4 Vb Vb

Eq. (3.73) has three roots—two complex and one real—and the real root is obtained
using the Newton-Raphson scheme (Press et al., 2007). Note that the equations are
solved in their dimensionless form, and the dimensional quantities are obtained by a

suitable multiplication with the scaling factors, as explained in the discussion surrounding

Eq. (3.57).
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Simulation details

To begin with, the initial values of Q* and r; are picked from a Gaussian distribution
of zero mean and unit variance. With the first trap held at the origin, and the second at
)((zi)* = (Zli*, 0,0), the dumbbell is equilibrated for a duration of fifty-five dimensionless
times. Equilibration is ascertained by checking that <Q*2> has reached a steady value with
respect to time. Then, the pulling is commenced (at t* = 0), by varying the position of
the second trap linearly, as x5 = XS))C* + vyt*, till #* = 7. The window [0, 7*] is uniformly
divided into A, intervals, such that Atj. = t;f - tj._l =1"/N,, where j =1,2,...,(N; + 1).
The dimensionless equivalent of the work done by the mobile trap during one
realization of the pulling event is calculated using a simple rectangular quadrature as

follows,
M
W' = ) (5, = 130, 0iAY (3.75)
j=1

where the subscript j on the first term indicates that it is evaluated at time, ¢}, and 75,
refers to the x-coordinate of the position of the dumbbell bead subjected to pulling. For
representative values of the molecular and control parameters, which are discussed in
more detail in the next subsection, the average dissipated work is computed using the
time-step widths At = {10‘5, 1074, 10‘3}. The values of the average work calculated at all
the time-steps concur within statistical error bars of the simulation, and the largest of the
three time-step widths, i.e; Ar* = 1 X 1073, is used for all the cases where ¢, = 1000. For
¢, = 100, Ar* = 1 x 1072 is found to suffice, whereas ¢, = 10000 requires Ar* = 1 x 1074,
The choice of the time-step width is also affected by the values of the internal friction and
the finite extensibility parameter as higher values of these parameters necessitate the use
of smaller time-steps.

The protocol proposed here involves pulling the molecule over a pre-determined
distance at the same dimensional velocity but different solvent viscosities. In this context,
it is essential to note that the timescale varies linearly with the solvent viscosity, Ay o 7.
In order to maintain the same dimensional pulling time (t = 7"Ay) across simulations
with differing solvent viscosity, the dimensionless pulling time (7*) is scaled by 1/n, as

the solvent viscosity is increased.

Code validation for pulling simulations on the dumbbell model

The total Hamiltonian of the dumbbell and trap system is written as

H

H =17

* c 5 % c s %
:¢1\/§S+El(r1 —,\/1)2+52(r2 _X2)2 (3.76)
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Table 3.1: Parameter values for the two representative cases for which the free energy

differences are evaluated using Jarzynski’s equality and numerical integration.

Parameter sets

1 2
b 50 80
1 20 15
CH 1 15

X*l (0’ Oa 0) (0$ 0’ 0)
AT (1,0,0)  (4,0,0)

XD (3,000 (5,0,0)

The expression for H* can be rewritten in terms of Q* and r; as,

b 1 1 * * c *2 +c %2
H = g{m—i(%)ﬂL(%) }"‘2'(01)(*1 +CzX*z)+%
VL e (252 e (1) £ (02)
(3.77)
The steady-state configurational distribution function can be written as
Y'(Q*,r) = %exp[—'ﬂ*] (3.78)
where Z is the partition function of the system, given by
Z= ffexp[—ﬂ*]drde* (3.79)

Substituiting the definition of H* from Eq. (3.77) into Eq. (3.79) yields the following

equation,

Z= f[f exp[—E (ri-r)—m(r; - l)]drz] exp [x#] dQ* (3.80)
where
- C1+C2; m=1: l=—[01/\’*1 +C2X*2+(CI —Cz)Q*];
2 2 (3.81)
Q*2 CL+C Q* * * CIXTZ + CZXZZ *S .
®=- ( > )—7‘(01/\/1 _C2X2)_f_¢MS



36 Wet and dry internal friction can be measured with the Jarzynski equality

The inner integral in Eq. (3.80) can be evaluated using the following identity (Bird ez al.,
1987b) for Gaussian integrals,

\3/2 2
feXp [-c@-uw)—m(u-j)ldu =(:) exp[4—_(i~j)] (3.82)
c c
resulting in
> 3/2 1.1
Z:( " ) fexp—+% Q" (3.83)
C1+C 4c
Upon simplification, one obtains
o\ )
= —k[Q* - s*]" — ¢rps | dO* 3.84
< (C1+Cz) feXp{ 0" -] ¢MS} Q ( )

where k = (cic2)/2(cy + ¢3), and s* = x; — x;. The integral in Eq. (3.84) can be
evaluated by converting to spherical co-ordinates, recognising that Q7 = Q" sinfcos ¢,
Q, = Q"sinfsin ¢, Q; = Q" cos 0. Therefore,

)L ekt etk le; s )esl-+le: )

Xexp{l; [; ( \Q/E) m _ ( 3; )2]}]Q*de* sin 0d6d¢

(3.85)

The integral in Eq. (3.85) does not have an analytically closed-form solution, and
is evaluated numerically using MATLAB. The free-energy difference in going from the

initial state to the final state is then given by,
o [Z(XZ = XZ(“)]
Zis = x3")

where the subscript ‘num’ indicates that the free energy difference has been calculated

AA;

num

(3.86)

numerically.

Figure shows a comparison between the free energy difference obtained from
Brownian dynamics simulations of N, = 1 X 10° trajectories using Jarzynski’s equality,
and that obtained from Eq. (3.86)), for the two parameter sets indicated in Table The
data in Fig. are presented in tabular format in Table 3.2, where it is observed that the
average dissipation, and the error in the estimated free-energy difference, increases with
an increase in the pulling velocity. This is because at higher values of the dissipation,
the work distribution is broadened [as explained later in Figure 3.6], and a larger number
of trajectories are required to accurately estimate the free-energy difference from the rare

realizations that occur near the tail of the work distribution.
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Table 3.2: A comparison of the free-energy differences calculated using numerical
integration [Eq. (3.86)], and BD simulations using Jarzynski’s equality [Eq. (3.1)], over
Nens = 1 x 10° trajectories. Simulation data reported for freely-draining dumbbells
with no internal friction [A* = 0.0, ¢ = 0.0]. The error is quantified as, % error =
100 x |(AA* — AA3,,) /AA;

num um | .

Parameterset 1 : AA* =2.11504

num

v* AA* % error <W§is>
0.001  2.1151 £+ 0.0002 0.0006 0.0017 + 0.0003
0.005 2.1149 + 0.0004 0.008 0.0084 + 0.0006
0.01  2.1147 + 0.0006 0.02 0.0169 = 0.008
0.02  2.1144 +0.0008 0.03 0.033 + 0.001
0.05  2.116 +0.001 0.04 0.081 + 0.002

0.1 2.114 £ 0.002 0.06 0.155 £ 0.003

0.2 2.116 £ 0.003 0.05 0.281 + 0.004

0.5 2.116 £ 0.004 0.04 0.508 £ 0.005

1.0 2.115 £ 0.005 0.01 0.673 + 0.006
Parameter set 2:  AAj,,, = 5.55479

v* AA* % error <W§is>
0.001 5.5551 +0.0002 0.005 0.0031 + 0.0004
0.005 5.5559 + 0.0006 0.02 0.0156 + 0.0008
0.01  5.5546 + 0.0008 0.003 0.031 + 0.001
0.02  5.553 +£0.001 0.02 0.063 + 0.002
0.05  5.554 +£0.002 0.01 0.155 +0.003

0.1 5.551 £0.003 0.07 0.306 + 0.004
0.2 5.549 +0.005 0.08 0.593 + 0.006
0.5 5.54+0.01 0.26 1.38 £0.01

1.0 5.50 £ 0.03 0.95 242 +0.03
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Figure 3.3: Validation of the code for pulling a single-mode spring-dashpot. Comparison
of the numerically calculated free energy differences (indicated by horizontal lines)

against that calculated using the JE, for two different parameter sets shown in Table

Molecular and control parameters

The parameters used in the present work are broadly classified into molecular and control
parameters. Molecular parameters pertain to the polymer that is being stretched, whereas
control parameters are set by the experiments or the simulations used in the study of
stretching the molecule.

The choice of molecular parameters is based on the A-phage DNA (48.5 kbp) used
in Murayama et al.’s (Murayama et al., [2007) work, which has a contour length, L.,
of 16.5 um, and Kuhn segment length, by, of approximately 88 nm. In order to model
this molecule as a dumbbell, the model parameters, b, and Iy, are chosen such that the
contour length and the radius of gyration of the model and the DNA molecule are the
same. Following the procedure for parameter selection described in detail in Sunthar and
Prakash| (2005)), we obtain b = 811.25 and /g = 580.95 nm. We round down both these
values, and use b = 800 and /iy = 500 nm as the parameters to model A-phage DNA.
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The Hookean spring constant of the model, H, is then found using

_ kgT _ 4.142 pN nm

= = 1.657 x 107> pN/nm
2 (500 (nm)’ PN/

The choice of the bead radius, a, is motivated by Alexander-Katz et al.’s (2009)
work, where it is suggested that the monomeric radius may be taken as the persistence
length of the molecule. We choose a = 30 nm, which is identical to the choice made
by |Alexander-Katz et al.| (2009) for comparing the results of BD simulations against
experiments on DNA.

Other values of b and Iy, of the same order-of-magnitude as obtained for the A-phage
DNA case, have been used in this study and in addition to @ = 30 nm, bead radii of 80 nm
and 100 nm have also been used.

Fig. provides a snapshot of the x-y projection of the positions of an ensemble
of beads of the dumbbell, obtained after an equilibration of fifty-five dimensionless
times at the initial trap positions ;7 = (0,0,0), X(zi)* = (5,0,0) and final trap states
X; = (0,0,0), X(zf)* = (7,0,0), as a function of the optical trap stiffness. It is clearly
seen that the strength of the trap (c; or ¢,) determines its ability to confine the bead near
the position of its minimum. Since it is intended to hold the position of the first bead fixed
at the origin, a trap strength of ¢; = 1000 is used throughout our simulations.

In Figs. the effect of the mobile trap stiffness (c¢;) on the dissipation is shown for
a fixed value of the stationary trap stiffness, for freely-draining dumbbells. In Fig. (a),
the average dissipation as the dumbbell is pulled at a constant velocity and a fixed pulled
distance, is plotted as a function of the mobile trap stiffness. It is seen that the dissipation
reaches a plateau at ¢, = 100. This behavior is in agreement with the dissipation
calculated for the analytical model [Eq. (3.42)], which reaches ~ 98% of its asymptotic
value at ¢; = 100. In all our simulations, we set ¢c; = ¢, = 1000 (unless specified
otherwise), in order to operate in a regime where the dissipation is independent of the trap
stiffness.

In Fig.[3.5|(b), the average dissipation is plotted as a function of the pulling velocity,
over the same fixed distance, for three different values of the mobile trap stiffness. At
lower values of the trap stiffness, the dissipation grows linearly before scaling sub-linearly
with the velocity. The onset of the non-linear regime is pushed to higher velocities as
the trap stiffness is increased. In the asymptotic limit of high trap stiffness, the non-
linear regime vanishes, and a linear scaling of the dissipation with the pulling velocity
is observed for over two orders of magnitude in the velocity. There is a good agreement
between the trends predicted by the simple analytical model using a Hookean spring-

dashpot discussed in Sec. and BD simulations on a model with a nonlinear force
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Figure 3.4: Trap stiffness determines the distribution of bead positions. An x—y projection
of the equilibrated positions of the beads, for an ensemble of free-draining dumbbells
(Nens = 1 x 10%), for different values of the trap stiffness. From left to right, the
solid vertical line, the dash-dotted vertical line, and the dashed vertical line represent
the positions of the first trap (x}), the initial position of the second trap (,\/g)*), and the
final position of the second trap (,\/gf)*), respectively. From left to right, data points in
cyan, close to the solid vertical line, correspond to the positions of the first bead with the
corresponding trap at the origin, those in blue denote the positions of the second bead
when the trap position is at X(zi) = (51y4,0,0), and those in red represent the positions of
the second bead when the trap is located at )((20 = (714,0,0). The data sets have been
shifted vertically for clarity, and the offsets for each of the shifted cases are indicated in

the figure.

law. Remarkably, the effect of the non-linear force law is more perceptible at lower
trap stiffnesses, vanishing as the mobile trap stiffness is increased, until a quantitative
agreement is obtained between the simulation and the analytical results.

The Marko-Siggia force expression is linear at low values of the extension of the
molecule, and diverges as the fractional extension approaches unity. For initial extensions
in the linear regime of the force-extension profile, a trap stiffness of ¢, = 1000 is sufficient
to make the bead track the position of the trap, as shown in Fig. Higher trap stiffnesses
are found to be required for operating in the non-linear regime of the force-extension

curve.
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Figure 3.5: Comparison of the average dissipation from BD simulations against analytical
results. Plots of the average dissipation for the pulling protocol 5y — 7 Iy, as a function
of (a) mobile trap stiffness, for a fixed value of the pulling velocity, v* = 0.02, and (b)
pulling velocity, at three different values of the mobile trap stiffness. The lines indicate
analytical value of the average dissipation for a freely draining Hookean spring-dashpot
[Eq. (3.42)] plotted for the parameter values indicated in the figure. The symbols are
results from BD simulations on a freely draining spring-dashpot with Marko-Siggia force
law, and b = 800.

The Jarzynski equality is strictly exact only in the limit of an infinite number of work
trajectories, Ne,s — ©0. In applications of the JE, the number of trajectories required to
accurately recover the free-energy difference increases with average dissipated work in
the process, as discussed in Ritort et al. (2002); Jarzynski (2006); Yunger Halpern and
Jarzynski (2016).

In Figs. the effect of internal friction and pulling velocity on the probability
distribution of the work trajectories is plotted for freely-draining dumbbells. The vertical
green lines in the figures indicate the free-energy difference, AA*, obtained by taking an
error-weighted mean of the values of the free energy difference obtained at dimensionless
pulling velocities v* < 0.02. Interestingly the work-distributions are normally distributed,
as seen by the good agreement between the histogram data and the Gaussian fit. That it
is so, despite the equations of motion for the system being non-linear, is an observation
previously made by Speck and Seifert (2004). The Gaussianity of the distribution is

attributed to the slow rate of the driving protocol (1/7) with respect to the molecular
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Figure 3.6: Pulling velocity and internal friction broaden the the probability density of
work. Probability densities of the work done over 10° realizations of the pulling protocol,
for: (a) a fixed value of the internal friction parameter, and three different values of the
pulling velocity, and (b) a fixed pulling velocity, and three different values of the internal
friction parameter. The green vertical line represents the free-energy difference obtained
by taking an error-weighted mean of the values of the free energy difference obtained at
pulling velocities v* < 0.02 using Jarzynski’s equality. The solid lines are Gaussian fits to
the data.
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Figure 3.7: Dissipation dictates ensemble size for the application of Jarzynski’s equality.
Free energy difference as a function of pulling velocity, for a representative case. Inset
shows the empirically chosen ensemble size as a function of the average dissipated
work. The numbers next to the data points indicate the corresponding values of the

dimensionless pulling velocity. Trap stiffness used is ¢; = ¢, = 1000.

relaxation rate (1/Ay). For all the data-sets plotted in Figs. the driving rate is at least
five times slower than the molecular relaxation rate.

From Fig. (a), it is seen that increasing the pulling velocity at a fixed value of
the internal friction parameter increases the average dissipated work, and the width of
the distribution. An identical trend is observed in Fig. (b), where an increase in the
internal friction parameter at a fixed pulling velocity causes the work distribution to shift
rightwards, and results in an increased dissipation. Thus, the dissipation in our model
is directly correlated with the pulling velocity, and the internal friction in the system.
Under such conditions of high dissipation, the estimates for AA are dominated by rare
realizations that occur near the tail of the work distribution, necessitating the use of a
larger number of trajectories to obtain an accurate estimate of the free energy difference.

In Fig. we illustrate the above point using an alternative representation. Without

prior knowledge of the ensemble size required for the simulations, an initial guess of
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Table 3.3: Typically observed lower and upper bounds on optical tweezer parameters.

Parameter Lower bound Upper bound

Trap stiffness (pN/nm) 0.0002 [ Black et al.| (2017)] 0.9 [ |Gupta et al. (2011))]

Pulling velocity (nm/s) 10 [ Gupta et al. (2011)] 13560 [ Trepagnier et al. (2004)]
Stretching distance (nm) 10 [ \Gupta et al. (2011)] 8000 [ Murayama et al. (2007)]

Nens = 1x 10* was chosen. The green horizontal line represents the free-energy difference
obtained by taking an error-weighted mean of the values of the free energy difference
obtained at pulling velocities v* < 0.02 using Jarzynski’s equality. An ensemble size of
Nens = 1x 10* is sufficient for an accurate estimation of the free energy difference at lower
velocities (dissipation), but is found to become inadequate at v* > 0.04. Upon increasing
the ensemble size for the higher velocity cases empirically, the accuracy of the estimated
free energy difference improves. The ensemble size is plotted as a function of the average
dissipated work in the inset of Fig. which shows that the choice of the pulling velocity
and the ensemble size are mutually related.

In Fig. the average dissipated work (scaled by the thermal energy kpT)
calculated for a variety of molecular and control parameters is plotted against the
magnitude of the dimensionless pulling velocity, v*. It is seen that the average dissipated
work varies linearly over the entire range of the pulling velocity, v* = 0.001 — 0.1. The
velocity range in dimensional units would depend on the molecular parameters.

The experimental feasibility of the proposed protocol can be discussed in the context
of the molecular parameters used for the dataset represented by filled circles in Fig.
For these set of parameters, the pulling velocities explored in Fig. vary from v =
29.3nm/s (v* = 0.001) to v = 2.93 um/s (v* = 0.1). The molecule is stretched over a
distance of 1um. The stiffness of this molecule is H = 1.657 X 107> pN/nm. In order
to operate in a regime where the dissipated work is independent of the trap strength, as
discussed earlier, the stiffness of the trap must be at least a hundred times that of the
molecule, which implies Hyqapmin = 1.657 X 107 pN/nm.

In Table based on a survey of the literature, the range of trap stiffnesses,
pulling velocities, and stretching distances typically accessible by optical tweezers is
given. Additionally, the position and force resolution limits of optical traps are inversely
correlated: stiffer traps improve the spatial resolution but also introduce large fluctuations

in the measured force. A rough estimate of these resolution limits may be obtained using
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Figure 3.8: Average dissipated work as a function of the dimensionless pulling velocity,
for various molecular and control parameters. Except when mentioned otherwise, an
ensemble size of N, = 1x 10*is used for all the data points. Symbols indicating datasets
with fluctuating hydrodynamic interactions have been enlarged for the sake of clarity. The
boxed region indicates the regime of operation for the simulation results reported in this

section.

the equipartition theorem, as explained in Smith ef al.| (2007); Neuman and Nagy (2008)).
Most commercial optical tweezer setups are equipped with filtering mechanisms that aid
in improving the precision in the measurements, by reducing the resolution limits (Gupta
et al., 2011). A detailed discussion of the resolution offered by optical tweezers can be
found in Smith et al. (2007) and Neuman and Nagy| (2008)).

From Table it is clear that the values of v, d, and Hip min for the representative
case lie well within the range of values explored experimentally.

Ritort et al.| (2002) have established from computer simulations of mechanical
unfolding that the number of trajectories required to obtain estimates for free energy
difference within an error of O (kgT') increases exponentially with the average dissipation
associated with the unfolding process. They predict that for dissipation less than

4kpT, around 100 trajectories would suffice, and for a dissipation of 5kzT, about 1000
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trajectories would be required. These predictions agree well with the average dissipation
and ensemble sizes encountered in optical-tweezer-based pulling experiments. For
example, |Liphardt et al. (2002) stretch RNA hairpins using optical tweezers, and estimate
(Waisy = 2-3kgT with N,y = 47. Similarly, for pulling experiments on DNA hairpins
performed by Gupta et al. |Gupta et al. (2011), (Wgis) = 1.1 £ 0.7kgT for Ne,s = 99, and
(Wais) = 4.9 = 0.3kpT for N = 1293.

For simulations on the single-mode spring dashpot, the statistical error in the free-
energy difference is maintained to be ~ O(0.01kzT), in order to obtain a sufficiently
accurate estimate of the average dissipated work that enables the internal friction
coeflicient to be extracted reliably. By restricting the regime of operation to the boxed
region in Fig. with v* < 0.02 and (Wg) ~ kgT, it is found that N.,s = 1 x 10*
trajectories are sufficient to obtain the free energy difference within the desired error
limits. It is possible to operate at higher values of dissipation, outside the boxed regime,
provided that the ensemble size is suitably increased, as shown in the inset of Fig.

All the results prior to Fig. have been presented for the case of freely-draining
dumbbells. In Fig. it is observed that the inclusion of fluctuating HI does not affect
the dissipated work values in a single-mode spring dashpot. Speck (2017) has shown in
the context of colloidal suspensions that the inclusion of hydrodynamic interactions does
not alter the dissipation along a single trajectory. The effect of fluctuating hydrodynamic
interactions on the dissipation is markedly different in the case of wet internal friction, as

will be discussed in greater detail in Sec.|3.3.5

Dry friction in equals dry friction out

The methodology to extract the internal friction coefficient is illustrated using a molecule
with parameters: {b =800, /y = 500nm, K = 3.0 x 107° kg/s,h* = 0.0} as an example.
An ensemble of such molecules is pulled from an initial trap position of )((2'; =5lygto
a final trap position of )((22 = 71y at different pulling velocities. At each value of the
pulling velocity, the average dissipated work is calculated at several values of the solvent
viscosity in the range, 7, = 1750 to s = 107,. In an experimental setting with water as
the solvent, suitable viscogens, such as glucose or sucrose, may be added to the solvent in
order to realize an approximately four-fold increase in its viscosity (Jas et al., 2001}; Qiu
and Hagen, 2004a). In experiments that study the kinetics of intrachain contact formation
in polypeptides (Bieri ef al.,|[1999) suspended in a solvent mixture of ethanol and glycerol,
the solvent viscosity was varied over two orders of magnitude by adjusting the proportion

of glycerol in the mixture.
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Figure 3.9: (Protocol for the extraction of the internal friction coefficient: (a) Average
dissipated work as a function of the solvent viscosity, for molecules with the parameters:
{b =800, Iy = 500nm, K = 3.0 x 10~ kg/s}, subjected to pulling denoted by 5l — 7 Iy
at various values of the pulling velocity, v, for an ensemble size, N = 1 x 10*. (b) The
extrapolated values of (Wy;s) in the hypothetical limit of zero solvent viscosity, divided by
the stretching distance, as a function of the pulling velocity. The slope of the graph, Kgp,

18 an estimate of the internal friction coeflicient.
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As shown in Fig. (a), for each value of the pulling velocity used, the average
dissipated work in the hypothetical limit of zero solvent viscosity, (Wi ), _, ¢, 1S obtained
from a linear fit to the average dissipated work at finite solvent viscosities. Since the
extrapolated value is finite, it is clear signature of the presence of dry internal friction.
In Fig. (b), the extrapolated values of the average dissipated work in the limit of
zero solvent viscosity (divided by the stretching distance d), is plotted against the pulling
velocity. The slope of the graph (Kgp) represents the internal friction coefficient extracted
from simulations.

Table shows a comparison between the value of the internal friction coeflicient
used as an input parameter in the Brownian dynamics simulations, and the corresponding
value extracted from the dissipated work using the protocol proposed here, for various
molecular and control parameters. Our protocol recovers the input internal friction
coefficient to within 5% accuracy, and is insensitive to the choice of the spring-force
law, as shown for the Marko-Siggia and the FENE force laws in Table Further, values
of Kgp, for models with and without HI, lie close to each other, indicating that HI does
not affect the dissipated work due to dry internal friction.

The validity of the proposed protocol for the extraction of the dry internal friction
coefficient has thus been established. In the next section, the application of the protocol to
a model with wet internal friction is discussed, in the context of a coarse-grained polymer

model with cohesive intra-chain interactions.

3.3 Wet internal friction

In this section, the case of wet internal friction is investigated in the context of the force-
induced unraveling of a coiled globule which has previously been studied experimentally
by Murayama et al. (2007) and with simulations by Alexander-Katz et al.| (2009). The
problem is revisited here with the goal of understanding the role of solvent viscosity and

HI, both of which have not been considered previously.

3.3.1 Model description

A bead-spring model with », beads connected by FENE springs, each stretchable
up to a maximum length of Q, is considered. The excluded volume interactions between
beads are modelled using the Soddemann-Diinweg-Kremer (SDK) potential (2001},
whose functional form is given by Eq. in Chapter 2|
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Figure 3.10: Schematic and snapshot of single chain polymer model subjected to pulling
(a) Schematic representation of a polymer chain subjected to pulling, (b) snapshots from
the BD simulations of a chain with N, = 10 and € = 3.45, pulled with a constant velocity
of v* = 0.01. From left to right, the solid vertical line, the dash-dotted vertical line, and
the dashed vertical line represent the positions of the first trap (x7), the initial position of
(D)
2

the second trap (x, ), and the final position of the second trap (X(Zﬂ*), respectively.
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As discussed previously, the terminal beads of the chain are subjected to harmonic
trap potentials. One of the traps is held fixed at y; = (0,0, 0), and the other is moved from
X(zl) = ) 0, 0) tOX(f) —

2x°

2x, O 0) at a constant velocity, v = (v,, 0, 0).

The force on the uth bead due to bonded and non-bonded interactions is denoted by
Ffj. The hydrodynamic interaction between any pair of beads u and v is accounted for
by defining the diffusion tensor /‘f'ﬂv = 0,0 + (L, where ¢, is the Kroenecker delta,
and the hydrodynamic interaction tensor, £2,,, is approximated using the Rotne-Prager-
Yamakawa expression. For notational convenience, we define 9, a block matrix of size
Ny, X Ny, whose each element is the 3 X 3 matrix, /T\W. Additionally, the block matrix B is
defined as 8- B = D.

The stochastic differential equation describing the time-evolution of the position of

the uth bead is given by
1A= -
r,t +A) =r", () + ) Z[Tﬂv . F:(@ - - [e1 (r'y — X))
v=1

- YNZV ’ [Cz (r*Nb _/\/2) At +— Z AW: (3.87)

where B;V is the (u, v) —th element of B*, and AW* is a dimensionless Wiener process of
zero mean and variance Ar*. In Fig. (a), a schematic representation of the pulling
is shown, and in Fig. (b), snapshots from BD simulations on a ten-bead chain is

presented.

3.3.2 Simulation details

The stochastic differential equation governing the pulling of a single polymer chain
[Eq. (3.87)] is solved numerically using Brownian dynamics simulations. The initial bead
positions are picked from the equilibrium distribution function corresponding to the FENE
force law. The chain is then equilibrated at the initial state, with y; = X2(‘), for fifty
Rouse times. Equilibration is ascertained by checking that the mean-squared value of
the dimensionless radius of gyration, <R§*>, has reached a steady value with respect to
time. Pulling is then commenced at * = 0, by changing the position of the mobile trap
linearly in time, as x5, = XZEVI) + vit*, till * = . The work done in one realization of the
pulling event is given by Eq. (3.75) , with r; replaced with ry, , where ry  refers to the
x-coordinate of the last bead in the chain, and the remaining symbols retain their original
meaning as defined in Sec. A timestep width of Ar* = 1.0 x 107 is used after
ascertaining, for a ten-bead chain with representative parameter values, that the average

work obtained for the Ar* = 1.0 x 10~ and Ar* = 1.0 x 107 cases agree within error bars.
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Figure 3.11: Validation of the code for single chain pulling. Comparison of the analytical
probability distribution function of the work trajectories, against that computed by binning
the work trajectories obtained in pulling simulations on Hookean chains. The lines

correspond to the Gaussian probability distribution given by Eq. (3.89), with variance

and mean defined in Egs. (3.90) and (3.91)), respectively.

The calculated work is then used to estimate the free-energy difference and the average
dissipation as shown in Eq. (3.1).

3.3.3 Code validation for the single chain case

The probability of the work distribution for a one-dimensional Rouse chain tethered
at one end and subjected to constant velocity pulling may be analytically calculated, as
shown by |Dhar (2005). A chain of N, beads connected by N springs is considered, with
the stiffness of each spring denoted by H. The first bead is held fixed at the origin, and
the last bead is subjected to a harmonic trap of stiffness c; H. The trap is moved from an
initial position of Y to a final position of y¥, over a time 7. The distance traveled by the
trap is denoted by d = y'” — ™, and the pulling velocity, v, given by v = d/t.

Following the procedure proposed by |Dhar| (2005), and using the standard non-
dimensionalization scheme [see Eq. (3.57), for example], the free energy difference
associated with the stretching process is evaluated to be

(X(D*)Z _ (X(i)*)z] ’ (3.88)

T 2(eN+ 1)

*
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and P* (W") is found to be a Gaussian of the form,

. I W — (W)’
P (W) = -—, 3.89
W= o P [ 207 G5
whose variance and mean are given by
Avd* 1 .
o? =2 {E-2 + —E7 (e - 1)} = 2(W.,) (3.90)
27 ™ NN
)
(W*) =AA" + — (3.91)

2

where the notation {...};; refers to the (i j)th matrix element, and E is a symmetric,

ij
tridiagonal N X N matrix of the following form

! i =j#N
_; 1 =
2 ]
1
- li-ji=1
c) +
; =7=N
4
0; otherwise

The pulling of Rouse chains was simulated using Brownian dynamics, and the
work statistics calculated over an ensemble size of O(10°), by numerically integrating
Eq. (3.87). The first bead was held fixed at the origin by means of a stiff harmonic trap
of strength ¢; = 1000, and two different values for the pulling trap stiffness, ¢, have
been considered. In Fig. the probability distribution of work values obtained from
BD simulations is compared against the analytical solution for two sample cases. The
good agreement between the two suggests the validity of the code used to perform pulling

simulations on polymer chains.

3.3.4 Parameter space specification

A value of b = 50 is used throughout this section for the dimensionless FENE
parameter. For a free chain (without confining potentials acting on the terminal beads),
with this particular value of b, the choice of ro, = 1.820, m; = 1.5306333121, and
my = 1.213115524 have been shown to lead to the correct scaling predictions in poor, 6,
and good solvent conditions for the radius of gyration with the number of beads in the
chain, as described in detail in [Santra et al.| (2019), and hence have been used for all

simulations on single chains discussed in this section. The 6-temperature for this system
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Figure 3.12: Equivalence between the free energy difference estimated using the Jarzynski
equality and the classical definition. Total work done as a function of the pulling velocity,
for a well-depth of € = 3.45 and a chain size of ten beads. The open and filled square
symbols indicate the Jarzynski estimate of the free-energy difference evaluated for models

with and without the inclusion of fluctuating hydrodynamic interactions, respectively.

is observed to be at € ~ 0.45, where <R§> ~ (Ny, — 1) and the second virial coefficient,
B, = 0 (Santra et al.,2019). This value of cohesive strength is denoted as €. Poor solvent

)O 67 is observed for € > 0.55. The bead radius, a, is

scaling, namely, < > ~ (Ny —
defined on the basis of o, as a = 0.50. We set o, = Iy in all our simulations.

A trap stiffness of ¢; = ¢, = 1000 is used for both the stationary and the mobile
traps. The initial and final positions of the mobile traps are chosen as X;‘i = 0.1L. and
X(Z?c = 0.3 L, respectively, where L. = (N, — 1) Qy is the contour length of the chain. A

chain size of N, = 10 has been used for all the simulation results reported in this section.

3.3.5 Globule unraveling is wet

Netz and coworkers (Alexander-Katz et al., 2009) have measured the internal
friction associated with collapsed homopolymers by measuring the work dissipated in
the force-induced unfolding of a single polymer chain. As mentioned previously, they
estimate the free energy difference, denoted by W, as the work done in the quasi-
static pulling limit, that is, W, (€) = W (€,v — 0). The dissipated work at any finite

pulling velocity is then calculated as the difference between the average work done at that
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Figure 3.13: Regime of linear dependence between average dissipation and pulling
velocity determined by strength of cohesive interactions. Average dimensionless
dissipation, as a function of the dimensionless pulling velocity. The dashed lines are

linear fits to the data.

velocity, and the reversible work. This is exactly the definition of dissipation that we have
adopted throughout this chapter, as indicated in Eq. (3.1). However, rather than using
the work done in the quasi-static limit to estimate the free-energy difference, we use the
Jarzynski equality to evaluate the same quantity.

In Fig. the total dimensionless work done in pulling a ten-bead chain with
a representative set of parameters is plotted as a function of the dimensionless pulling
velocity, for cases with and without hydrodynamic interactions. Horizontal lines represent
the error-weighted mean of the total work at the lowest four values of the pulling velocity,
and is therefore a measure of the free-energy difference in the classical sense. Solid
lines correspond to the freely-draining case, while dashed lines indicate the case with
hydrodynamic interactions. It is seen that the free-energy differences for cases with and
without HI concur within ~ 107! k3T, in agreement with the expectation that the free-
energy difference, a static equilibrium property, remains unaffected by hydrodynamic
fluctuations. Furthermore, it is also seen from the figure that the work done in the quasi-
static limit agrees, within error bars, with the free-energy difference estimated using the
Jarzynski equality (square symbols), thus establishing the validity of our approach for the

estimation of the free-energy difference and the dissipation.
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Figure 3.14: Effect of hydrodynamic interactions on the dissipated work: (a) the average
dissipation, and (b) the enhancement in the average dissipation (with respect to the
dissipation due to solvent) due to cohesive interactions, plotted as a function of the
dimensionless pulling velocity. Symbols representing the enhancement values for cases

with HI have been enlarged for clarity.
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In Fig. the dimensionless average dissipation is plotted as a function of the
dimensionless pulling velocity. It is seen that the data for the phantom chain (no excluded
volume interactions), athermal chain (purely repulsive interactions) and the chain under
6—conditions superimpose. This indicates that for uncollapsed chains, the work dissipated
during pulling is expended entirely against the solvent friction, and there is no internal
friction associated with these cases. Furthermore, increasing the well-depth beyond the
6—point results in an increased dissipation at a fixed value of the pulling velocity, which is
due to the additional work needed to unravel the globule as the polymer chain is stretched.
The average dissipation scales linearly with the pulling velocity over the entire range of
the latter quantity.

In the linear regime, for a collapsed globule (€ > &), the following relationship for

the dissipation can be written,
Wais) = yeud (3.93)

where vy is the globule friction coefficient. The same expression is valid in the
uncollapsed case, with yg replaced with 7, the solvent friction coefficient. As’€ — &, the
dissipation is entirely due to the solvent, and yg — 7s.

Fig. elucidates the effect of hydrodynamic interactions on the dissipation more
clearly. As shown in Fig. (a), for chains under both 6 and athermal conditions,
the dissipation due to the solvent decreases identically upon the inclusion of fluctuating
hydrodynamic interactions. In Fig. (b), it is seen that the enhancement in the
dissipation due to cohesive interactions, measured as the difference between the total
dissipation and the dissipation due to solvent alone, remains practically unaffected by
hydrodynamic interactions.

In Fig. the average dissipated work is plotted for two values of the well-depth,
for one value of the dimensional pulling velocity, as a function of the solvent viscosity. At
any finite value of the solvent viscosity, the work dissipated for the collapsed globule case
is greater than that for that in 6—condition. However, in the extrapolated limit ;, — 0, the
dissipated work goes to zero. Clearly, this suggest that the additional dissipation due to
cohesive interactions between the beads corresponds to the case of wet internal friction,
which is not clear a priori, and can only be established following the protocol proposed
here.

In Figs. the friction coefficients calculated using Eq. have been plotted
as a function of the solvent viscosity. From Fig. (a), it is seen that friction coefficient
due to the solvent scales linearly with the solvent viscosity, and that hydrodynamic

interactions reduce the friction coefficient in comparison to the freely draining case.
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Figure 3.15: Protocol establishes the presence of wet friction. Average dissipation as a
function of the solvent viscosity for two different well-depths. The extrapolated value in
the limit of zero solvent viscosity is indicated by an upright triangle, and the extrapolated

values for both the cases are found to coincide within error bars of the simulation.

From Fig. (b), it is seen that the inclusion of cohesive interactions results in an
enhancement in the friction coefficient at all finite values of the solvent viscosity. In the
extrapolated limit of zero solvent viscosity, however, the friction coefficient is also seen
to tend to zero, as is typical of wet friction.

By taking a ratio of the slopes of the dissipation versus pulling velocity for the
collapsed and the uncollpased states, for identical pulling distances in the linear regime,
one gets

<Wdis> 1= YG — Vs
(Wiis g Vs

This quantity represents the rescaled excess contribution to the dissipation due to

(3.94)

internal friction, and enables an investigation of the relationship between g and vy, and
comparison with Zwanzig’s (1988) prediction, as was done previously by Alexander-Katz

et al. (2009) in the absence of hydrodynamic interactions. For a Brownian particle moving
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Figure 3.16: Effect of hydrodynamic interactions on the friction coefficient: (a) Solvent
friction, with and without hydrodynamic interactions and (b) a comparison between the
solvent and globule friction coefficient, with hydrodynamic interactions, plotted as a

function of solvent viscosity.
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Figure 3.17: Magnification of internal friction due to cohesive interactions. Rescaled
excess contribution to dissipation as a function of the effective well-depth. Solid and
dashed lines are used to fit the data points obtained for cases without and with HI,
respectively, and correspond to Eq. with fitting parameters wgp = 0.77 and
gy = 0.98.

in a corrugated one-dimensional potential of the form U(x) = (©/2) (€ — &) sin (nx/a),
the effective friction and the solvent friction are related by (Alexander-Katz et al.,|2009;
Zwanzig, 1988))

Y6 — Vs :IS(@(E'—%;))_l (3.95)

Vs 2

where [j(..) is the modified Bessel function of zeroth order, and @ is a fitting parameter.
In Fig. the rescaled excess dissipation due to internal friction, for models
with and without fluctuating hydrodynamic interactions, is plotted as a function of
the well-depth relative to the f#—condition. It is seen from the figure that a good
qualitative agreement is observed between the simulation results and Eq. (3.95)), but with
a fitting parameter that depends on whether hydrodynamic interactions are incorporated
in the simulations. This agreement between simulations and theory, also observed by
Alexander-Katz et al. (2009), suggests that Zwanzig’s formulation, albeit based on a
one-dimensional energy landscape, satisfactorily captures the scaling of internal friction
with the strength of cohesive interactions in force-spectroscopy simulations on single
molecules. The subject of diffusion on rugged energy landscapes of dimension higher

than one has been treated rigorously in Seki and Bagchi (2015) and [Seki et al. (2016).
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3.4 Conclusions

In summary, we have introduced a simple and novel protocol based on the Jarzynski
equality for determining both dry and wet internal friction coefficients of macromolecules
that can be implemented experimentally using optical tweezers. Using Brownian
dynamics simulations on a spring-dashpot model for a polymer, we establish proof-of-
principle by recovering the dry internal friction coefficient which is used as a model
input, and show that a bead-spring chain with cohesive interactions is an example of
wet friction. It is conceivable that some real polymer chains might possess both wet
and dry internal friction, and modeling such molecules would require the use of multi-
bead-spring-dashpots with cohesive interactions. We envisage that the scheme proposed
here may be applicable to a variety of macromolecules, and would enable a succinct
characterization of the dissipative properties of the molecule. The results presented in
this chapter have been published in |Kailasham ez al. (2020).

The rheology of coarse-grained models with internal friction is discussed in the
subsequent two chapters, and Chapter 4| is dedicated to the study of finitely extensible

dumbbells with fluctuating internal viscosity and hydrodynamic interactions.






Chapter 4

Rheological consequences of internal
friction and hydrodynamic interactions

in a dumbbell model

4.1 Introduction

The effects of internal friction on the dynamic response of polymer chains, and the
rheological response of dilute polymer solutions has been briefly surveyed in Chapter
There is a wealth of literature on the rheological properties of dumbbell models with
internal viscosity (Booij and van Wiechen, [1970; Schieber, [1993; Wedgewood, |1993;
Sureshkumar and Beris, 1995; Hua and Schieber, [1995; Hua et al., 1996). In a parallel
development, recent advances in modelling the non-equilibrium behaviour of polymer
solutions have revealed the crucial role played by fluctuating hydrodynamic interactions in
determining the dynamics of polymer chains (Prabhakar and Prakash, 2002; Sunthar and
Prakash, 2005; Larson, 2005; |Schroeder, 2018} Prakash, [2019). Coarse-grained polymer
models that include both fluctuating internal friction and hydrodynamic interactions,
however, are rare (Hua and Schieber, [1996)), with the majority including hydrodynamic
interactions in a pre-averaged manner (Manke and Williams, |1992; Dasbach et al., 1992).
In this chapter, we use Brownian dynamics simulations to solve a dumbbell model
of the polymer with a finitely extensible spring, and fluctuating internal friction and
hydrodynamic interactions, and examine its properties at equilibrium, and in the presence
of flow, in order to study the relative roles played by internal friction and hydrodynamic
interactions in determining the dynamics of polymer molecules.

Analytical studies by Manke and Williams (1992) predict that the stress jump of a
model with IV and pre-averaged HI would be higher than that for a model with IV alone.
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A prior BD simulation study of a dumbbell model with fluctuating internal viscosity and
hydrodynamic interactions, which examined the stress and velocity fields during startup
of shear-flow using the CONFESSIT approach (Hua and Schieber, [1996)), concludes that
hydrodynamic interactions have a negligible effect on the stress field. Here, we re-
examine the accuracy of this prediction, with particular attention to the magnitude of
the stress jump in the presence of fluctuating hydrodynamic interactions.

The Gaussian approximation for internal viscosity (Schieber, [1993) concludes that
it has no effect on zero-shear rate viscometric functions. The validity of this prediction is
scrutinized using exact BD simulations, particularly in the presence of both fluctuating HI
and IV. Building upon prior work (Gerhardt and Manke, |1994; Hua et al., 1996)), we also
present what we consider to be a hitherto unexplored relationship between zero-shear rate
properties, the relaxation modulus and the stress jump.

Polymer solutions and melts are commonly observed to exhibit an “overshoot” in
their rheological properties(Bird et al., [1987a) when subjected to shear flow. The effect
of fluctuating internal viscosity and hydrodynamic interactions on the magnitude, and
the time of occurrence of the overshoot is analyzed in this work, and compared to prior
observations.

It is well known that dumbbell models which limit the extensibility of the spring
predict the shear-thinning of viscometric functions (Warner, 1972; Christiansen and
Bird, |1977). The effect of internal viscosity on such shear-thinning has already been
studied (Hua and Schieber, 1995). Here, the combined effect of fluctuating internal
viscosity and hydrodynamic interactions on this phenomenon is quantitatively analyzed
by comparing shear-thinning exponents for the various cases.

Manke and Williams have analytically examined the relationship between rigid
dumbbells and dumbbell models with an infinite value of the internal viscosity
parameter (Manke and Williams, 1986|1989, 1991} {1993), and predict that an ensemble
of Hookean dumbbells with an infinite value of the internal viscosity parameter
would resemble the viscometric functions of an ensemble of rigid dumbbells, at least
qualitatively. Hua et al. (1996) have compared the linear viscoelastic properties of
Hookean dumbbells with IV to that of rigid dumbbells, and find that the relaxation
modulus of dumbbells with a high value of the IV parameter agrees remarkably well
with that of rigid dumbbells with a Gaussian distribution of lengths. We use exact BD
simulations to calculate the linear viscoelastic and viscometric properties of dumbbells
with a high value of the IV parameter, and compare the results against prior observations.
We find that the nature of the spring force law qualitatively influences the predicted

viscometric functions.
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The chapter is structured as follows. In Section we present the governing
equations for the FENE dumbbell model for a polymer with internal viscosity
and hydrodynamic interactions, its solution methodology and the simulation details.
Section which summarises our results and the relevant discussions, is subdivided
into four sections; Sec. deals with code validation, Sec. discusses the transient
response of dumbbells subjected to shear-flow, Sec.[4.3.3|presents the steady-state results
of viscometric functions, and Sec. the results for models with a high value of the
internal viscosity parameter against that of rigid dumbbells. The key findings of this
chapter are summarised in the Sec. The detailed steps for the derivation of the

governing equations, starting from a force balance on the beads, is given in Appendix

4.2 Governing Equations and Simulation Details

For a FENE dumbbell with internal viscosity and hydrodynamic interactions and no
excluded volume interactions in a homogeneous flow field, the equation for the connector
vector velocity given by Eq.[2.1]in Chapter [2|reduces to

8 00 2kgT 0 2 op
— 221 [k-01 = §—-00) —Inw — 2(6-0Q) - —=

where ¢ = ¢35, [as defined in Eq. 2.10] throughout this chapter. By substituting Eq. (4.1)
into the equation of continuity, the Fokker-Planck equation for a FENE dumbbell with HI

[Q1 = [6 ) 4.1)

and IV is obtained as

[

at 40 B+1 0% I 00
(4.2)
2kgT 0 8 00 oy
o 55 ) o] g
Using the following dimensionless variables,
r = /IH, Q - lH’ K _/1Hka ¢ - kBT, lﬁ _le (43)
the Fokker-Planck equation in its dimensionless form may be written as follows.
w0 s B @O\ (v o s_ran. 22 ),
or 0O {(6 B +1 Q2 ) (" ¢ -@-y 1—Q*2/b)‘”}
4.4)
g - Frier) o) g )

Note that 8* and 8 are both dimensionless. However,

p=1- g(d* + AB) 4.5)
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where 7" and %" can be obtained by recasting all the dimensional quantities in Eq.
into their non-dimensionalized form, and @ is given by @ = (3/4) \/nh*, where h* =
al ( \rl H) is the hydrodynamic interaction parameter.

As shown in Appendix |A] the stochastic differential equation (SDE) equivalent to
Eq. can be derived using the It0 interpretation as,

, 70" (0 -G 0*Q* 1 L 20 ,
“ Q*"EE'( 0 )@_QIQQ){ ot o7 X Qﬂm

S

In the second term of the above equation, the prefactor that multiplies dW, is the

dQ" =

(4.6)

diffusion tensor. It is worth noting that the functional form of the SDE remains the same,

irrespective of the choice of the HI tensor. The definitions of g, and g, are as follows

aB Q" +e(QF — ) Q" — a(F* + BY)]

= 4.7
YT T O AR T —aA + BY)) @7
2a8* f—da
g = — -20 (2557 @38)
{Q" + €O — (™ + B} Q
_2ealQF — a(d* + B*)] 20" + €[Q" — a(™* + FB¥)]]
Q2O +elQ — & + B
where
p=(6-F), s= (@7* + B - Q" ?(,@7* + %’*)] 4.9)
Interestingly, for the RPY tensor, the followmg property holds for both its branches.
(" +B)—- Q" 6(@7* + B =2%5" (4.10)
This results in a simplification and we have
2a8* -
ngPY — S —2g, (—Q - ) 4.11)
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Eq. (4.6) is solved using a semi-implicit predictor-corrector algorithm, as outlined below.
Note that, while Eqs. (4.12) to (4.16) below are in their non-dimensionalized form, the

asterisk superscript has been dropped from these equations for notational simplicity.

Predictor Step
P Bty | Q)0(t))
Q@m>=Q@0+Km%Q@»‘&&qﬂq) oy (K0 0w) (4.12)
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where
ASj:bj'AWj (413)
and
() — o (1))@ [ 0(1)0(t))
b, = 0— (1= +1=9g(t)) —— (4.14)
! \/ () ( /@) Q1))
AW  is a vector of three independent Wiener processes, each of mean zero and variance
At;.

Corrector Step
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Here, é(t j+1) 1s the value of Q after the predictor step, evaluated in Eq. (4.12).
Note that only the FENE spring force term is treated implicitly in the corrector step.
By setting the length of the vector on the RHS of Eqn. (4.15) to be L, and the length of

QO(t;.1) to be x, we get the following cubic equation in x

X = x*L - xb [1 + % (—'B(th) ]

— +1Lb=0 (4.16)
Gﬁ(tjﬂ) +1

Eq. can be solved exactly using trigonometric functions (Ottinger, |1996) and
only one root lies in the interval [O, \/E] which is chosen as the physically relevant
solution for x. The Kramers expression for the stress-tensor is not thermodynamically
consistent for dumbbells with internal viscosity (Schieber and Ottinger, 1994)), and the
Giesekus expression cannot be used when hydrodynamic interactions are included (Bird
et al., |1987b). For the general case considered here, with both IV and HI, Hua and
Schieber| (1996) suggest that the Kramers-Kirkwood expression can be used, since it is

thermodynamically consistent (Schieber and Ottinger, 1994),

Tp =My Z <RvF5»h)> (4.17)

v
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where nj, is the number of polymer molecules per unit volume, and R, is the position of
the vth bead with respect to the centre-of-mass, r.. F" is the hydrodynamic force acting

on bead v. We thus have
_ r+nr

R,=r,—r.; r.= 4.18
r,—re, T 5 (4.18)
and
Fih) — é"C\ . [[[rﬂ]] — vo — K- rﬂ:l (419)
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In terms of the connector vector Q, the stress tensor expression is as follows
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On substituting the expression for [Q] from Eq.(4.1) into Eq.(4.21)) and simplifying,
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Using the following identity
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6Q(eﬁ+1) Qrdo-nw | T ) G

to simplify Eq. (4.22)), the dimensionless equation for the stress tensor may be written as
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where g; and g4 in Eq. (4.25)) are defined as follows,
1 Q"
= = 4.26
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and
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= +
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where s has already been defined in Eq. (4.9).

While the second term on the right hand side of the stress tensor expression

[Eq. (4.25)] represents the elastic contribution to the stress tensor due to the presence
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of the FENE spring, the third and fourth terms arise due to the presence of IV. The last
term on the right hand side is the viscous or dissipative component of the stress tensor,
which disappears (appears) instantaneously when the flow is turned off (on). The jump
in viscosity at the inception of shear flow is due to this last term, because none of the
other terms in the equation contribute to the shear component of the stress tensor, 7, ., as
the other averages are isotropic at equilibrium, i.e, <Qny>eq = (. Interestingly, bead-rod
models and bead-rod chains also have a viscous contribution to stress (Bird et al.,[1987b).
Flexible polymer models, with only an entropic spring connecting the beads, do not have
this viscous contribution to the shear stress, and only the inclusion of a dashpot in parallel

with the spring, through the incorporation of internal viscosity into such models, results

in a stress jump.

4.3 Results and Discussion

4.3.1 Code validation

To test the validity of the code, an ensemble of 2 X 10° FENE dumbbells, with a
dimensionless maximum allowable length of » = 100 and internal viscosity parameter of
€ = 0.1, 1s subjected to shear flow at a dimensionless shear rate of 15y = 1.0. In Fig.
the predicted shear viscosity of this ensemble is plotted against dimensionless time, and
compared against data from the work by Hua and Schieber (1995). The good agreement
between the two results indicates the reliability of the current code.

Hua et al.| (1996) have previously simulated a dumbbell model with internal
viscosity and hydrodynamic interactions in startup of shear flow, using the CONFESSIT
method. They conclude that hydrodynamic interactions have a negligible effect on
the stress field. However, as shown in Appendix one of the functions in their
governing stochastic differential equations is incorrect, and leads to erroneous predictions.
As a consequence, there are no published results in the literature with which our
simulations (which incorporate both internal viscosity and hydrodynamic interactions)
can be compared. Nevertheless, as will be seen in Section. our simulations agree
with the analytical results of |Manke and Williams| (1992) (who used pre-averaged
hydrodynamic interactions) for the stress jump at the onset of shear flow over a range
of values of € and /*, providing some validation for our code in its most general form.

Simulations which incorporate hydrodynamic interactions using the ROB expression
take nearly twice as long to complete, for the same set of parameter values, as when the
RPY expression is used. Though the two treatments yield results that are indistinguishable

within error bars, the calculation of the shear viscosity of an ensemble of 2 X 10° FENE
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Figure 4.1: Polymer contribution to shear viscosity, 17;; /npkgT Ay, as a function of
dimensionless time at a dimensionless shear rate of 1.0. Error bars are smaller than

symbol size.

dumbbells with both internal viscosity and hydrodynamic interactions, on an Intel Core
17-6700 CPU, takes about 379 seconds for the RPY case, as opposed to nearly 768
seconds for the ROB case. As a consequence, all simulations which involve HI have been
performed using the RPY tensor. The RPY tensor has two branches and the terms &/
and 4 have to be evaluated separately for the two branches, as seen from Equation (2.6)
in Chapter Nevertheless, its implementation is faster due to the higher number of
function evaluations required for the ROB tensor, as can be seen from Eqgs. and
(4.10). Essentially, the definitions of functions g, and g5 are the same for both RPY and

ROB, while the functions g, and g4 entail more calculations for the ROB case.

4.3.2 Transient response to shear flow

To calculate the viscometric functions, an initial equilibrium ensemble of O(10°)
FENE dumbbells, picked from the equilibrated database as described in Section. II,
have been used in all the simulations. The transient response of the ensemble-averaged

rheological properties recorded as a function of time, are presented in this section.
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Figure 4.2: (a) Methodology to find the stress jump by extrapolating to * = 0 using a
fourth order polynomial. (b) Shear rate independence of stress jump for various values of
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data points they traverse. Error bars are smaller than symbol size.
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The stress jump

The “stress jump” refers to the discontinuous jump in viscosity at the inception of flow, i.e,
at time, * = 0. The methodology to find this quantity has been illustrated in Fig. (a)
for a sample case where an ensemble of dumbbells with IV and HI is subjected to a
dimensionless shear rate of 100. The viscosity is recorded as a function of time, and
a fourth order polynomial is then fitted to this data (using the “fit” functionality of
gnuplot, as described by |Young (2015)), so as to find the stress jump by extrapolation
to time #* = 0. Analytical predictions (Manke and Williams, |1992; Dasbach et al.,|1992;
Gerhardt and Manke, 1994) indicate that the stress jump must be independent of shear
rate. To test this prediction, FENE dumbbells with b = 100 and various values of €
and /" are subjected to three different shear rates, and their corresponding stress jumps
are calculated using the method outlined above. In Fig. (b), stress jumps for such
dumbbells with varying values of € and a fixed value of & = 0.3 are plotted against
the respective shear rates, and it is seen that the jump is indeed independent of shear
rate, thereby confirming the analytical predictions. A similar shear-rate independence is
observed when the hydrodynamic interaction parameter is varied.

Manke and Williams (1988) derived an analytical result for the stress jump exhibited
by a Hookean dumbbell with IV. Schieber calculated the same quantity for a FENE
dumbbell with IV and obtained the following formula (Hua and Schieber, 1995), for the
free-draining (FD) case,

_
npkpT Ay

b ) 2€
= (4.28)
- (b +5)51+e

Manke and Williams| (1992) have also derived a similar formula for the stress jump
exhibited by a Hookean dumbbell with IV and pre-averaged HI. By following a procedure
analogous to Schieber’s, the analytical result of Manke and Williams can be extended to
find the stress jump for a FENE dumbbell with IV and pre-averaged HI, and can be shown

to be .
_ M
ﬂpkBT/lH

(4.29)
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Recognizing that 07(0) = —7;(0)y, the stress jump ratio is then given by taking a ratio of

the above two equations.
ou1(0) _ 1+e€

om0 1+ e(1 - V2hv)

(4.30)

This equation has been represented as lines in Fig. for various values of the
internal viscosity parameter. The prediction from analytical theory is that the stress jump

in the presence of hydrodynamic interactions and internal viscosity is higher than that due
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Figure 4.3: Stress jump ratio calculations for FENE dumbbells with b = 100 for various
values of €, h*. Each data point in the figure is obtained as an error-weighted average
of the stress jump measured at the different shear rates as shown in Fig. (b). Lines
represent Eq. (4.30). Error bars are smaller than symbol size.

to IV alone. The stress jump ratio for the case with HI to the free draining case, obtained
from BD simulations for various combinations of € and A4*, is plotted in Fig. The
simulations results agree well with the theoretical prediction, suggesting that fluctuations
in HI do not play a significant role in determining the magnitude of the stress jump.
Such a result also seems correct intuitively. In the absence of IV or HI, the diffusion
tensor in the stochastic differential equation is diagonal, i.e, there is no correlation
between the motion of the two beads of the dumbbell. Introduction of IV adds off-
diagonal terms to the diffusion tensor, introducing a coupling between the motion of the
two beads. Hydrodynamic interactions also contribute to a coupling and this appears to
enhance the effect brought on by IV. In a physical sense, the phenomenon of stress jump
arises solely due to internal viscosity, as the “dashpot" connecting the two beads responds
instantaneously to a change in the displacement between the two beads. Hydrodynamic
interactions add to this effect because it enhances the strength of the correlation between

the motion of the two beads.
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Interestingly, our BD simulations indicate that there is no jump in either ¥, or
Y, [defined in Eq. of Chapter 2] at t* = 0 for models with internal viscosity.
This is in line with prior observations on Hookean dumbbells that employed a Gaussian
approximation (Schieber, 1993) for internal viscosity. The absence of jumps in ¥, and ¥,

is explained in Appendix [Fusing the Hookean dumbbell model with IV as an example.

Transient viscosity

As observed in various experiments on polymer solutions and melts (Bird et al., [1987a),
simulations indicate that during the startup of shear flow, the viscosity shows a transient
rise, above its steady-state value, commonly termed the “overshoot", with the highest
point of positive deviation from the steady-state value denoted as the magnitude of
overshoot. To analyze this phenomenon, the viscosity of dumbbells (normalized by the
steady-state value, n;(r — ©0)) is plotted as a function of strain units in Fig. H It is
important to note that the phenomenon of overshoot is observed even for the case of FENE
dumbbells, without the incorporation of internal viscosity or hydrodynamic interaction
effects.

Throughout the analysis in this section and the next, it must be noted that an
“overshoot" is said to occur only when the normalized quantity attains a value greater than
one. Local peaks in the normalized quantity, such as the one observed for the € = 10 case
in Fig. (b), are only considered as “maxima" and not categorized as an “overshoot".

In Fig. (a), the overshoot behavior in FENE dumbbells with b = 100 is recorded
for various shear rates. At low shear rates, there is no overshoot, and viscosity reaches
its steady-state value asymptotically. At a certain threshold shear rate, overshoot is first
observed. From there on, the magnitude of the overshoot increases as the shear rate is
increased. Interestingly, however, the location of the overshoot, i.e; the strain at which
overshoot occurs (ymax), 1S roughly constant over the entire range of shear rates examined
in this work, in agreement with the experimentally observed trend for a range of different
polymer solutions and melts (Bird et al., 1987a).

In Fig. (b), the effect of internal viscosity and hydrodynamic interactions on the
magnitude and location of overshoot is examined at a fixed dimensionless shear rate of
100. It is seen that a low value of € (=0.1) dampens the magnitude of overshoot, but
does not change y.x significantly. At higher values of the internal viscosity parameter,
the overshoot occurs at a lower strain, and its magnitude is significantly decreased.
The inclusion of hydrodynamic interactions increases the magnitude of overshoot in
comparison to the free-draining case (h* = 0) but does not affect y,,x perceptibly. For

a given value of the hydrodynamic interaction parameter, the coupling between IV and
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Figure 4.4: Transient behavior of shear viscosity for FENE dumbbells with » = 100 and
various values of € and /", as a function of strain units: (a) overshoot behavior for the pure
FENE model, (b) effect of € and 4* on overshoot at a dimensionless shear rate of 100. In
each case, 17, is normalized by the steady-state value, n,(f — co), obtained at the same
shear rate, and € and h*, as the transient data themselves. The hydrodynamic interaction

parameter in these simulations is 4* = 0.3. Error bars are smaller than symbol size.
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HI is enhanced at higher values of the IV parameter, at early times (or strains). At later
times, the nature of the coupling is non-trivial. While it appears that the e = 1.0 and
€ = 10.0 curves (with and without HI) settle to a value lower than 1 at the highest values
of strain in the figure, as a matter of fact they do approach 1 at much larger strains, when
the transient viscosity 77, attains its steady-state value, as can be seen from Fig. |4_6| (a).

It is observed that the dumbbell model with only FENE effects and that with a small
value of € show nearly identical behaviour, qualitatively. The onset of overshoot occurs at
roughly the same shear rate, Agy ~ 10.0, for both the cases. However, as the IV parameter
is increased to higher values, say € = 1 or € = 10, there is a marked change in the transient
response. This is clearly seen from Fig.4.4{(b), where a shear rate of Ay ~ 100.0 triggers
an overshoot in a system with a lower value of €, but only causes a long wavelength
oscillation in the shear viscosity for a system with € = 10. The occurrence of oscillations
is discussed further in the context of Figs. 4.6/ below.

Transient first normal stress coefficient

Overshoots in ¥, [defined in Eq. ] can also be analyzed using the framework
developed in the previous section. The first normal stress coefficient (normalized by the
steady-state value, W7 (t — o0)) is plotted as a function of strain in Fig. H

In Fig. (a), the overshoot in ¥; for FENE dumbbells with b = 100 is plotted for
various shear rates. The strain at which the overshoot occurs is slightly higher than that
for the viscosity, in agreement with experiments (Bird ez al., 1987a). Nonetheless, yYmax
remains roughly constant over shear rates that span two orders of magnitude. However,
the size of the overshoot in ¥, is lower than that in n,. This is in accordance with
the predictions of the FENE-P dumbbell model (Mochimaru, [1981), and BD simulation
results for a twenty-bead chain with FENE springs (Prabhakar and Prakash, 2006).
These simulation results and model predictions, are, however, in direct contrast with
experimental observations (Huppler ef al., 1967) which predict that the overshoot in the
first normal stress coeflicient is greater than that observed in the viscosity.

In Fig. (b), the effect of internal viscosity and hydrodynamic interactions on
the W, overshoot is studied at a dimensionless shear rate of 1000. The addition of
hydrodynamic interactions enhances the magnitude of overshoot but leaves y,,.x largely
unperturbed. Similar to the trend observed in the transient behavior of viscosity, the
time-variation of ¥, for the pure FENE case and the case with low IV parameter are
qualitatively comparable. A low value of € reduces the magnitude of the overshoot
slightly, but high values of the IV parameter, say € = 10, induce an overshoot only at

the highest shear rate examined in this work (1gy = 1000), and that too, due to the
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Figure 4.5: Transient behavior of the first normal stress coefficient for FENE dumbbells

with b = 100 and various values of € and /*, as a function of strain units: (a) overshoot

behavior for the pure FENE model, (b) effect of € and 4* on overshoot at a dimensionless

shear rate of 1000. In each case, V'] is normalized by the steady-state value, ¥7(t — o0),

obtained at the same shear rate, and € and h*, as the transient data themselves.

hydrodynamic interaction parameter in these simulations is A* = 0.3. Error bars are

smaller than symbol size.
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Figure 4.6: Transient (a) viscosity, 7, and (b) first normal stress coefficient, ‘¥,
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same values of shear rate, and € and A*, as the transient data themselves, as a function of
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enhancing effect of the hydrodynamic interactions mentioned above. In general, however,
the inclusion of HI does not alter the shear rate at which overshoot is first observed. More
simulations at higher shear rates need to be performed, in order to comment conclusively
about the constancy of y,x for the high-€ cases. The Gaussian approximation developed
by Schieber| (1993) for the treatment of internal viscosity indicates that for € = 10
and Azy = 100, high-frequency oscillations are observed in 17, and ¥; (see Figs. 5
and 7 in Schieber (1993)). For the same set of parameters studied by BD simulations,
however, no such high-frequency oscillations are observed, as can be seen from Figs.
where the normalized transient viscosity and first normal stress coefficients of FENE
dumbbells with € = 1 and € = 10 (with and without HI) have been plotted for a
larger range of strain units Figs. and Both viscometric functions go through a
local maximum and minimum before gradually attaining their steady state values. The
inclusion of HI does not qualitatively alter this trend, and only slightly increases the
maximum observed for the case with IV alone. Neither does the inclusion of HI affect
the shear rate at which overshoot is first observed. While both 77, and ¥; exhibit an
overshoot for the € = 1 case, these observables vary differently for the higher value of
the internal viscosity parameter. As seen from Fig. (a), n, for the € = 10 case (with
and without HI) does not show any overshoot (the ordinate never crossing 1), but rather
oscillates once, i.e, goes through a local maximum and a minimum, before a gradual
approach to steady state. From Fig. (b), it is seen that ¥ for € = 10 exhibits a slight
overshoot only in the presence of HI, whereas for the free-draining case at the same value
of the IV parameter, ¥, goes through a single oscillation before attaining steady-state.
While the Gaussian approximation includes fluctuations in the internal viscosity, it is an
‘uncontrolled’” approximation (Prakash and Ottinger, |1999), in the sense that though it is
exact to first order in the perturbation parameter, it includes infinitely many unspecified
higher order terms. The results of BD simulations, on the other hand, are an exact solution

of the governing equation.

Transient second normal stress coefficient

In Fig. the second normal stress coefficient [defined in Eq. (2.14)] is plotted as a
function of strain. It is observed that ¥, evolves non-monotonically, and settles to zero
as its steady-state value, within statistical error bars of the simulation. Therefore, ¥, has
been scaled using the steady-state value of the first normal stress coefficient, 7 (t — o).
Increasing the value of the IV parameter increases the amplitude of oscillations in W5.
Furthermore, it is seen that the effect of HI on ¥, is minimal, becoming stronger as the

value of the internal viscosity parameter is increased.
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4.3.3 Steady-shear results

Zero-shear rate properties

The dimensionless zero-shear rate viscosity, 77, ,, is obtained from BD simulations by
taking an error-weighted mean of the viscosity at the four lowest shear-rates that were
simulated, i.e, 0.01, 0.03, 0.05 and 0.07, after verifying that shear-thinning had not set in
at these shear-rates.

Using a Gaussian approximation (GA) analysis on Hookean dumbbells with internal
viscosity, [Schieber (1993) has shown that zero-shear rate properties are unaffected by
internal viscosity. To test this prediction for the case of FENE dumbbells, the viscosity
and first normal stress coefficient are plotted as a function of dimensionless shear rate, in
Fig. for various values of € and 4*. From Fig. (a) it can be seen that for cases with
internal viscosity alone, the zero-shear rate viscosity remains unaffected by e. However,
in the presence of internal viscosity and hydrodynamic interactions, the zero-shear rate
viscosity no longer remains independent of €. Even though A* is constant, the coupling
of HI and IV induces an internal viscosity dependence on M0 A plot for the first normal
stress coeflicient, as shown in Fig. (b), seems to reveal a similar trend regarding the
constancy of the zero-shear rate value in the presence of internal viscosity alone. With
the inclusion of hydrodynamic interactions, however, | ; ceases to be independent of e.
The coupling of HI and IV seems to lead to a more dramatic dependence of ¥}, on e,
than that observed for M,o- It is worth noting that the fluctuations in ¥} at Ayy < 0.1
necessitate a time-averaging algorithm for calculating the ensemble average at low shear
rates, as detailed below.

For a dimensionless shear rate of 0.05 and representative values of € and A", the
transient behavior of the viscosity and the first normal stress coefficient is compared in
Fig.[4.9(a). It can be seen that the standard deviation of the first normal stress coefficient
is significantly higher than that for viscosity. Additionally, it was observed that the
fluctuations in ¥ are noticeable at both low and high values of the IV parameter. In
Fig. (b), the first normal stress coefficient calculated for the same conditions as in
part (a) are compared for two different sizes of the ensemble. It is seen that even as the
ensemble size is increased ten-fold, fluctuations in W] persist. To obtain a reliable estimate
of the steady-state value of V7, a time-averaging of the data points was carried out, after
the stationary state is reached (the threshold value is 15 dimensionless time units for the
case considered in Fig. (b)). The horizontal line in Fig. (b) represents the mean
value obtained from such an averaging procedure, and the thickness of the line indicates

the error in the mean. The steady-state value of the first normal stress coeflicient for
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dimensionless shear rates lower than 0.1 was calculated in this manner, with an ensemble
size of O(107). For the viscosity, there is no statistically discernible difference between
data sampled from an ensemble of the order of one million or ten million data points.
The steady-state value of the second normal stress coefficient is zero within
statistical error bars of the simulation, for free-draining dumbbells with and without the
inclusion of internal viscosity, as observed from the transient simulations at large times.
With the inclusion of hydrodynamic interactions, however, small negative values for ¥,
are obtained at low shear rates, for cases with and without internal viscosity. At higher
shear rates, ¥, is zero for all the different parameters considered in this work. A similar
trend in the variation of ¥, with the shear rate, for models with fluctuating hydrodynamic

interactions, has been noticed by |[Zylka|(1991) in his work on bead-spring chains.

Calculation of zero-shear rate viscosity from the relaxation modulus and the stress jump

It is known from linear viscoelastic fluid theory that the zero-shear rate viscosity can be
calculated by integrating the relaxation modulus, G(f), with respect to time (Rubinstein
and Colby, [2003). That is,

Mo = f"" G(ndt (4.31)
0

The general form of the relaxation modulus of a polymer solution can be expressed as
the sum of an elastic part, G¢(¢) (corresponding to a slow decay in stress), and a singular
part (accounting for the viscous portion) that captures the instantaneous response of the

solution to a stress (Bird et al.,|1987a; Hua et al.,|1996)),
G(t) = Gg(t) + 2n, 6(1) 4.32)

For models without internal viscosity, 1, = 15, but as will be discussed later in this section,
1y > 1, for models that incorporate 1V.

Schieber and coworkers (Hua et al., |1996) have used BD simulations to estimate
the relaxation modulus of Hookean dumbbells with IV, from the stress relaxation that
follows from an instantaneous step-strain in shear (Hua and Schieber, [1995). They find
excellent agreement between the G(f) obtained using such a procedure and that obtained
from linear-response theory, and observe that the latter method is computationally more
efficient and accurate. It is worth noting, however, that both the approaches are unable
to capture the singular portion in G(7). In our simulations, G (f*) is obtained using
linear response theory, i.e, the Green-Kubo relationship, which is based on the stress-

autocorrelation of an ensemble of dumbbells at equilibrium,

Gel (t*) * *\ __*
T (75, ()75,(0)) (4.33)

€q

G, (") =




4.3 Results and Discussion 85

1‘ 1 1 . 6 ; 0.0 1 1 i
° ®c=1.0
08k me=10.0 ]
o —Single Exponential
PY - - Stretched Exponential
& 0.6¢ -
s m
= &Q [ ° b=100,h* =0.3
Ol e
(a)
0-8 1 1 1 1 1
; oh* =0.0
> i) xh* =0.1
0.6 :. 4-h* = 0.3
st e -
TR 8, b=100,e=1.0
S oal ‘: 9 .
ol -
0.3} ®x e ]
02F R K .
ttt;".
0.1 | ‘**;
0O 0.5 1 1.5 2 2.5 3
ne
(b)

Figure 4.10: Elastic component of the relaxation modulus as a function of dimensionless
time. (a) Effect of internal viscosity at a fixed value of the hydrodynamic interaction
parameter, 4*. The solid line is a single exponential fit [see Eq. (4.34)] with 7 = 1.48. The
dashed line is a stretched exponential [see Eq. ] with 7, = 1.26 and m = 0.85. (b)
Effect of hydrodynamic interactions at a fixed value of the internal viscosity parameter, €.

Dotted lines are drawn to guide the eye. Error bars are smaller than symbol size.
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In Fig. the elastic component of the relaxation modulus calculated in this manner has
been plotted against dimensionless time, for various values of € and 4*. The area under the
curve represents 17;:81, the dimensionless elastic contribution to the zero shear viscosity. In
Fig. [@ (), the effect of varying € on G7,(¢") at a fixed value of 4&* has been captured. As
the internal viscosity is increased, it is seen that the area under the curve decreases, and
the relaxation slows down. On the other hand, increasing the strength of hydrodynamic
interactions while keeping e constant also slows the decay of G7,(¢"), but increases 77;:81, as
seen from Fig. (b). The integration of the relaxation modulus required in Eq.
is simplified if an analytical fit can be obtained to the G (") data. For small values of €,
a single exponential of the form

Ga(0)
I’lpkBT

Gyt = exp(—1*/7) (4.34)

where 7 is an adjustable parameter, produces a good fit, as seen in Fig. (a) fore = 1.0.
For large values of ¢, it is found that a stretched exponential of the form,

Gel (O)

Gy(t") = ksl
p

exp [(—=1"/7)"] (4.35)

provides a more accurate fit to the data than does the single exponential. Here, 7, and m
are fitting parameters. This is seen from Fig. (b) for € = 10.0.

Gerhardt and Manke| (1994)) have shown analytically that the instantaneous stress-
jump observed as a polymer solution is subject to the start up of shear flow is identically
equal to the singular portion in Eq. (4.32)), for linear viscoelastic fluids. As noted
previously, since models with IV show a stress jump in 7;, it follows from Gerhardt and
Manke’s work that the numerical prefactor, 7, to the Dirac delta function in G(¢) must be

greater than 7,, and in fact, the polymer contribution to the stress jump, 7jump, 1S given by

Hjump = Ny — 7)s (436)

The polymer-contribution to zero-shear rate viscosity, 7,0, can then be written as

Mpo =Mo —1s = [ f G(t)dt] =1
0

= f G (t)dt + 2f ny 6(D)dt — n
o+ 0

= 77;1,0 + Tjump (437)

where ! = [T Ga(n)dr, and 2 [ n, 6(1)dt = 1.
The zero-shear rate viscosity calculated in this manner is compared against the value

obtained from direct BD simulations in Table for various values of the internal
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Table 4.1: Zero-shear rate viscosity of FENE dumbbells with b = 100 for various values
of the internal viscosity parameter, € and the hydrodynamic interaction parameter, h*,
calculated from Eq. (4.37) and BD simulations. Dimensionless quantities are denoted

with an asterisk as a superscript.

h*=0
‘ i s oo = T35+ Muwy_o f10m BD
0.0 0.951 + 0.003 0 0.951 + 0.003 0.954 + 0.003
0.1 0.918 +0.001 0.0346 + 0.0006 0.952 + 0.001 0.956 + 0.003
0.5 0.8275 + 0.0009 0.1270 + 0.0003 0.954 + 0.001 0.953 + 0.003
1.0 0.7580 + 0.0009 0.1905 + 0.0002 0.9485 + 0.0009 0.956 + 0.002
10.0 0.5982 + 0.0005 0.3464 + 0.0003 0.9445 + 0.0006 0.952 + 0.001
h*=0.3
e o Toump Moo = 70 * My Tpo from BD
0.0 1.358 +0.002 0 1.358 + 0.002 1.363 + 0.003
0.1 1326 £0.002  0.0359 = 0.0001 1.362 + 0.002 1.363 + 0.003
0.5 1223 £0.002  0.1466 = 0.0002 1.369 + 0.002 1.371 £ 0.002
1.0 1137 £0.001  0.2391 = 0.0002 1.376 + 0.001 1.373 +0.002
10.0 0.8353 + 0.0006 0.5626 + 0.0004 1.3979 + 0.0007 1.409 + 0.001

viscosity and the hydrodynamic interaction parameter. We see that there is a good
agreement between the values obtained by these two different approaches, and in some
sense validates both the estimation of the zero-shear rate viscosity from BD simulations,

and the estimation of the relaxation modulus.

Stress tensor components

Even away from the linear viscoelastic regime, there exist separate contributions to the
stress tensor for models with internal viscosity. As briefly discussed in Section the
second and third terms on the right hand side of Eq. together represent the elastic
contribution to the stress tensor, while the last term represents the viscous (dissipative)
contribution. |Mackay et al.|(1992) have devised experimental techniques involving the
cessation of flow to separately identify elastic and dissipative contributions to the total
polymer shear stress, and present results for semidilute xanthan gum solutions (Liang

and Mackay, 1993). The predictions of our model, however, are valid only for dilute
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polymer solutions, and hence cannot be compared directly with their experimental results.
Nonetheless, it is worthwhile examining the two contributions, as they provide interesting
insights into the roles played by internal viscosity and hydrodynamic interactions in
affecting the steady-shear stress field of dilute polymer solutions.

In Fig. (a), the steady-state dissipative contribution to the shear-component of
the stress tensor (Tg’w) is plotted as a function of shear rate. For a fixed value of h*, it is
seen that an increase in the internal viscosity parameter from € = 0.1 to € = 10.0 results
in a significant increase in the dissipative contribution to shear stress.

The effect of hydrodynamic interactions on ¢

Dy however, is less pronounced. At

a constant value of €, an increase in 4£* (from O to 0.3) increases the stress marginally at
lower shear rates, and ceases to affect the stress field significantly at higher shear rates.
The reason for this behavior is well established (Zylka and Ottinger, |1989; Zylka, [1991)
and can be understood by examining the role of hydrodynamic interactions at low and
high shear rates. At low shear rates, the beads of the dumbbell are closer to each other,
and there is a significant contribution to the hydrodynamic interaction force, as is clear
from the form of the HI tensor given by Eq. of Chapter 2| At higher shear rates,
the connector between the beads is expanded, resulting in lower contributions to the HI
tensor, and the viscometric functions tend to approach their free-draining values. This
trend for the effect of HI is also true for the other steady-shear observables measured in
our work, as will be seen in the following sections.

In Fig. (b), the variation of the steady-state elastic contribution to the shear-
component of the stress tensor (Tg,yx) is plotted as a function of shear rate. When the
value of h* is fixed, and e is increased from 0.1 to 10, the elastic contribution to shear

stress decreases markedly. The inclusion of hydrodynamic interactions, at a constant

e
p.yx*

Fig. shows the variation of the total shear stress, which is a sum of the elastic

value of the IV parameter, has a less perceptible effect on 7

and dissipative components examined in Fig. with the shear rate. At low shear rates,
the total stress for € = 0.1 slightly exceeds that for € = 10.0. There is a crossover region
at approximately Ayy =~ 4, after which the total stress for a higher value of € exceeds
that for lower €. Such a crossover appears to indicate that the predominant contribution
to the total stress at lower shear rates arises from the elastic component (which is higher
for low values of €), whereas at higher shear rates, the dissipative component (which is
higher for higher values of €) contributes more significantly to the total stress. The inset

in Fig. shows the effect of hydrodynamic interactions (with 2* = 0.3) on the total

d

Dy and

stress, at € = 10.0. The trend is similar to that observed for the effect of HI on
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Figure 4.11: Effect of internal viscosity and hydrodynamic interactions on (a) dissipative
and (b) elastic portions of the yx-component of the polymer contribution to the stress

tensor, as a function of shear-rate. Error bars are smaller than symbol size.
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Ty 40 With HI contributing to a small increase in stress compared to the free-draining case

at lower shear rates, and weakening in effect at higher shear rates.

Shear-thinning of n, and ¥,

To examine the steady-state behavior of the viscosity and first normal stress coefficient,
both these quantities are plotted as a function of dimensionless shear rate in Figs. 4.13]
and respectively, for various values of € and h*.

Figure (a) shows that hydrodynamic interactions enhance the zero-shear rate
viscosity and push the onset of shear-thinning to lower shear rates. At higher shear
rates, however, hydrodynamic interactions do not have a significant effect on the viscosity.
Internal viscosity, on the other hand, leaves the zero-shear rate viscosity unperturbed, but
quickens the onset of shear-thinning to low shear rates. At higher shear rates, however,
internal viscosity is seen to slow down shear-thinning, as evidenced by the crossover
between the € = 1 and the pure FENE case.

In Fig. (b), the viscosity at high shear rates is plotted for three values of the
internal viscosity parameter, to quantify the rates of shear thinning for the various cases.

The FENE-P model predicts that the shear-thinning of viscosity follows a power law
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Figure 4.13: Plots of steady-shear viscosity for FENE dumbbells with » = 100. (a) Effect
of IV and HI on shear-thinning and zero-shear rate viscosity at low and moderate shear
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behavior (Bird et al., [1987b), with an exponent of —(2/3). Exact BD simulations of
a FENE dumbbell lead to an exponent of —0.634(7), as seen from Fig. 4.13(b). As
the IV parameter is increased, viscosity decreases less steeply with the shear rate, and
the magnitude of the shear-thinning exponent decreases. A coupling between internal
viscosity and finite extensibility appears to determine the rate at which the viscosity
decreases with shear rate in the asymptotic limit. The inclusion of hydrodynamic
interactions does not significantly change the shear-thinning exponent (not shown in
figure).  The shear-thinning exponent for the ¢ = 10 case is roughly —1/3, which
corresponds to the exponent for the rigid dumbbell model. It is worth noting that the
—1/3 exponent is observed at sufficiently high shear rates, even for larger values of the
FENE parameter. Section contains a more detailed comparison between the FENE
dumbbells with high IV and the rigid dumbbell model.

Similar to the trend observed for the polymer contribution to the viscosity, we
see from Fig. (a) that hydrodynamic interactions increase the zero-shear rate first
normal stress coefficient and quicken the onset of shear-thinning. Also, the effect of
hydrodynamic interactions becomes less perceptible at higher shear rates. In a deviation
from the trend observed for viscosity, the first normal stress coefficient for the cases with
and without internal viscosity scale identically with shear rate at higher shear rates, as
observed from the lack of a crossover between the € = 1 and the pure FENE case. The
asymptotic scaling of ¥ with shear rate is captured more clearly in Fig. (b), where
the shear-thinning at high shear rates has been quantified using the slope of the curve. It is
seen that there is no significant effect of the IV parameter on the shear thinning exponent
for ¥y, in stark contrast to the dependence of the shear-thinning exponent on IV for
viscosity. The FENE-P model predicts a shear-thinning exponent (Bird et al., 1987b)) of
— (4/3) for ¥, which is twice the shear-thinning exponent for the viscosity. As seen from
the figure, a slope of —1.282(6) is obtained for the € = 1.0 case, which is also roughly the
slope for the FENE dumbbell without internal viscosity, and twice the value of the shear-
thinning exponent for the viscosity of the FENE dumbbell. Furthermore, the inclusion
of hydrodynamic interactions is not seen to distinctly affect the shear-thinning exponent.
Figures which examine the shear rate-dependence of both the viscosity and the first
normal stress coefficient on the FENE parameter (for free-draining dumbbells), display
significant differences in the behavior of both viscometric functions. The steady-shear
values of these two viscometric functions are plotted for various values of the FENE
parameter, at a fixed value of the internal viscosity parameter (¢ = 10). Two limiting
conditions arise in this discussion, that of the high shear rate limit (y — o0), and the

Hookean limit (b — o). Since the b — oo limit is a singular one, the order in which



Rheological consequences of internal friction and hydrodynamic interactions in a
94 dumbbell model

10"
[ -@-b =100
[ -m-b = 5000 A
- -¢-b = 10000 Q': *.
- -A-b = 100000 oMl
- e =10.0 ’ '
= h* = 0.0 N
S5 ,‘
o ,’
) 10 " N
Mg ety
. e |
L \‘\ o
10° 102
Any
(a)
aau e =10.0 :
b Yy =00 | |
\:‘5*: A
o~ T - “ \, A
S 107 . O3
S 2 9 "
&Q \\\ ::\\
I ‘\ N
102F -@-b = 100 [ ]
- -m-b = 5000
- -¢-b = 10000 e
" -A-b = 100000 \

Figure 4.15: Effect of FENE parameter on the steady-shear viscometric functions for
free-draining dumbbells with e = 10: (a) dimensionless viscosity as a function of
dimensionless shear rate, (b) dimensionless first normal stress coefficient as a function

of dimensionless shear rate. Error bars are smaller than symbol size.
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these limits are taken matters. Note that the averaging technique described in Fig. (b)
has been used to obtain the steady-state value for the first normal stress coeflicient at
Agy < 0.1 for all the values of the FENE parameter plotted in Fig. (b). For the
lowest value of the FENE parameter (b = 100) examined in Fig. 15 (a), two shear-thinning
regimes are observed for the viscosity, separated by a shear-thickening regime. Since any
finite value of the FENE parameter, no matter how large, is indicative of a nonlinear
spring, its finite extensibility will cause both 77, and ¥, to eventually shear thin at large
enough shear rates. This can be seen in Fig. 15 (a), where it is clear that increasing
the value of b causes the power law region to be pushed to larger . It appears that the
shear-thinning exponent at sufficiently large y is likely to be independent of b. If the
FENE dumbbell is allowed to approach the Hookean limit, i.e; b — oo (which, as noted is
singular), we anticipate that there would be no shear-thinning at high shear rates, but only
shear-thickening. Internal viscosity-induced shear thickening has also been observed by
Hua and Schieber (1995), who noticed that the inclusion of internal viscosity for Hookean
dumbbells results in shear-thinning at lower shear rates followed by shear-thickening at
higher shear rates. They do not observe a second shear thinning regime, as expected for
Hookean dumbbells. They also observe that an increase in the IV parameter shifts the
onset of shear-thickening to lower shear rates.

The pattern of shear-thinning-thickening-thinning is strikingly similar to that
previously reported by |Kishbaugh and McHugh (1990) and |Prabhakar and Prakash
(2006) in their work on multi-bead chains with finitely extensible springs in the presence
of hydrodynamic interactions. In the Hookean limit, and in the presence of hydrodynamic
interactions, they also observe an indefinite shear-thickening of viscosity which follows
the initial shear-thinning. The thinning of viscosity at high shear rates has been attributed
by these authors to the finite extensibility of the spring. It is known that the inclusion of
hydrodynamic interactions results in a shear-thinning for Hookean dumbbells (Zylka and
Ottinger, [1989), and only induces a shear-thickening in bead-spring chains which have
six or greater beads (Zylka, |1991). As discussed in section for models with HI,
the viscometric functions at high shear rates tend towards their values in the free-draining
limit. For dumbbells (N = 2), the Rouse viscosity (free-draining) is lower than the Zimm
viscosity (pre-averaged hydrodynamic interactions), and hence there is a shear-thinning
when hydrodynamic interactions are included. For N > 6, the Rouse viscosity is higher
than the Zimm viscosity, and consequently, the viscosity tends towards the higher Rouse
value at higher shear rates, resulting in shear-thickening.

In contrast, internal viscosity is seen to cause shear-thickening even for the dumbbell

case. The physical mechanism behind internal viscosity-induced shear thickening remains
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unclear. Manke and Williams have analyzed the transient stress response of multi-bead
models with internal viscosity (Manke and Williams, 1989) using the LRV approximation,
in the low € regime. However, they do not present the steady-shear viscosity of these
dumbbells as a function of shear rate, and we are currently unable to comment on the
existence of shear-thickening of viscosity in multi-bead chains with internal viscosity.
Furthermore, the failings of the LRV approximation are well-documented (Manke and
Williams, 1988}, Dasbach et al., 1992)), and a rigorous treatment of the multi-bead model
with internal viscosity is needed to draw meaningful conclusions about its steady-shear
response. In Fig. (b), for the lowest value of the FENE parameter (b = 100), it is seen
that the first normal stress coefficient exhibits a continuous shear-thinning. An increase in
the extensibility of the spring results in the appearance of a plateau in ¥, followed by a
second shear-thinning regime. Higher values of the FENE parameter pushes the onset of
the second shear-thinning regime to higher shear rates, while widening the range of shear-
rates over which the plateau is observed. In the Hookean limit, i.e; b — oo, we expect the
second shear-thinning regime to vanish completely. This is in accord with the results of
Hua and Schieber (1995), who observe a plateauing in ¥, for Hookean dumbbells with
internal viscosity. They also notice that an increase in the IV parameter causes the plateau

to appear at lower shear rates.

4.3.4 Comparison of a model with large IV parameter with a rigid
dumbbell model

There has been significant interest in the literature, Manke and Williams (1986,
1989, 1991, |1993)) in approximating rheological properties—such as shear and complex
viscosity —of rigid dumbbells with flexible polymer models using an infinitely high value
of the IV parameter. Manke and Williams (1986)) argue that with an increase in the value
of the IV parameter, the timescale for the stretching of the dumbbell also increases. As
€ — oo, the dumbbells rotate and orient themselves much quicker than the time needed
for their stretching. Essentially, such a high value of € “freezes” the stretching of the
dumbbell’s connector vector, so their lengths retain the original distribution they were
sampled from.

In this section, predictions by a FENE dumbbell model with a high value of the IV
parameter (¢ = 10) is compared against that by a rigid dumbbell for three observables,
namely, the relaxation modulus, the stress jump, and the steady-shear viscosity. For a

monodisperse ensemble of rigid dumbbells of length L, the relaxation modulus, G"™(L, 1),
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Figure 4.16: Elastic component of the relaxation modulus for free-draining FENE
dumbbells with b = 100 and € = 10. The dotted line corresponds to Eq. (4.38)) with
L = /< Q? >, without the singularity. The solid line is a plot of Eq. (4.40), without the

singularity. Error bars are smaller than symbol size.

is given by (Bird et al., 1987a)
ank%g) - Z(nPIZ? + %AR) (1) + %exp (~1/2%) (4.38)
where the rod relaxation time, Agx = (L?/12kzT. [Hua et al|(1996) showed that the
relaxation modulus of a Hookean dumbbell model with a large value of the IV parameter
(e = 10) is well approximated by G*™(¢), which is the relaxation modulus of a rigid
dumbbell model with a mixture of lengths. G™™*(¢) is calculated by convolving G*""(L, f)
with the equilibrium distribution function for Hookean dumbbells.
Following the approach of |Hua et al. (1996), the relaxation modulus for a system
of rigid dumbbells whose lengths are sampled from a FENE distribution, G™(¢), is given

by the following expression

Gmix([) B Guni(L, 1) . . .
nokgT _f noksT Yeg(@7)dQ (4.39)

b/2
where wzq(Q*) = (1/ J;‘q) [1 - (Q*2 /b)] / is the equilibrium configurational distribution

function for an ensemble of FENE dumbbells, with the normalization constant given by
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Jzy = 270> B(3/2, ((b+2)/2)) where B(.., ..) is the beta function (Abramowitz and Stegun,
1972). The integral in Eq. (4.39) can be evaluated by converting to spherical co-ordinates,
as shown below

Gmix(l) foo Guni(L’ t)
=4r | —=2
l’lpkBT 0 l’lpkBT

U, (0)Q7dQ"

s 2( b 3
=2 [( ! ) 1 (—)Aﬂ] 60 + 5 (@) + €260

npkgT 5\b+5
s T Mjump,rigi Gmix 1
_ 2(—" T, gd)é(r) Rl (4.40)
I’lpkBT I’lpkBT
where g(t) = 3t/Ayb and
b+3
y1(t) = 1F, (— (T) ;—0.5; —Q(t))
b
yat) = 1 F, (—5;2.5; —q(t)) (4.41)
4
(&)

" 3B(3/2.((b +2)/2))

1 F is the confluent hypergeometric function of the first kind, defined by

N (O x
Fi(c;d;x) = —— 4.42
1Fi(c;d; x) £ @) k! ( )
(¢)r and (d); are Pochhammer symbols defined by
I'(ly + m)
W = ——— (4.43)
T T

where I'(.) is the gamma function (Abramowitz and Stegun, 1972).

In Fig. the elastic component of the relaxation modulus for free-draining FENE
dumbbells with an internal viscosity parameter of € = 10 is plotted as a function of
dimensionless time. There appears to be good agreement with the elastic component of
G™*(¢). Furthermore, it is observed that an attempt to fit the elastic portion of G'™(L, 1),
with L equal to the equilibrium length of the FENE dumbbells with e = 10, does not
produce a good fit. Thus, at equilibrium, an internal viscosity parameter € = 10 appears
to be sufficient to capture rigid dumbbell behavior. In the presence of flow, however, the
dumbbell lengths are not completely frozen when an IV parameter of € = 10 is used, and

a comparison with rigid dumbbell models is harder to draw. From Eq. (4.37)) and (4.40),

the stress jump for a rigid dumbbell system, with a FENE distribution of lengths, is given
by

jump,rigi 2 b
Mjump.igid _ ( ) (4.44)

noksTdy  5\b+5
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The analytical prediction of the same quantity for an ensemble of FENE dumbbells
with IV is given by Eq. (4.28). Comparing the two equations shows that the stress
jump predictions will be identical for the two models only in the limit of € > 1.
Using € = 10, the stress jump prediction for the model with IV Mumpry = 0.346(3)]
is within 10% of that predicted by the rigid dumbbell model (Moumprigia = 0-3811,
for b = 100. Using an approximate analytical model, Manke and Williams (1986)
establish a rheological equivalence between a rigid dumbbell system and an ensemble
of monodisperse dumbbells with an infinite value of the IV parameter, and argue that an
ensemble of Hookean dumbbells with an infinite value of the internal viscosity parameter
should resemble the viscometric functions of an ensemble of rigid dumbbells, at least

qualitatively. Exact BD simulations on dumbbells with a high value of the IV parameter

undergoing shear flow, however, paint a different picture (Hua and Schieber, |1995).
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Figure 4.17: Normalized shear viscosity as a function of dimensionless shear rate, for
different values of the FENE parameter, for free-draining dumbbells with and without
internal viscosity. The internal viscosity parameter used in these simulations is € = 10.

Error bars are smaller than symbol size.

We know from the work of |Stewart and Sorensen (1972) that the steady-shear

viscosity profile of rigid dumbbells has an initial Newtonian plateau followed by shear-
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thinning with an exponent of —(1/3). Hookean dumbbells with a high value of the IV
parameter, on the other hand, display shear-thickening at high shear rates, as shown in
Fig. (a). Therefore, we do not have sufficient reason to believe that increasing the
value of the IV parameter to higher values for a Hookean dumbbell model would bring a
qualitative similarity with rigid dumbbell behavior.

With reference to the discussion surrounding Fig. (a), |Kishbaugh and
McHugh (1990) and [Prabhakar and Prakash (2006) observe for multi-bead chains (with
finitely extensible springs and hydrodynamic interactions) that as the FENE parameter is
decreased below a threshold value, the inflection point in the curve is seen to vanish, and
only a continuous shear-thinning regime is observed, after an initial Newtonian plateau at
low shear rates. The similarity between their system and that of a FENE dumbbell model
with IV in the limit of a high value of b suggests that a similar trend would be observed
in the low b limit as well.

In Fig. the polymer contribution to shear viscosity (normalized by the zero-
shear rate value) is plotted against the dimensionless shear rate, for various values of
the FENE parameter, for free-draining dumbbells with and without internal viscosity. It
is observed that at high shear rates, the viscosity of FENE dumbbells without internal
viscosity scales roughly as —0.63(3) with respect to the shear rate, for the three values of
the FENE parameter considered here. As noted previously in the discussion surrounding
Fig. (b), this is in agreement with the FENE-P model prediction (Bird ez al., 1987b),
which assigns a shear-thinning exponent of —(2/3) at high shear rates, irrespective of
the value of the FENE parameter. For models with internal viscosity (€ = 10), the shear-
thinning exponent for viscosity in all the three cases is roughly —0.3(2). Interestingly,
decreasing the value of the FENE parameter from » = 50 to b = 10 leads to the
disappearance of the inflection point, and a smooth shear-thinning of viscosity is observed
in the asymptotic limit of high shear rates. While sufficiently decreasing the value of
the FENE b parameter, and increasing the IV parameter €, leads to the disappearance
of the shear thickening regime, and to a power law shear thinning exponent that is the
same as that for a bead-rod model, it is not clear however, if the entire curve for the
FENE dumbbell model coincides with that for the bead-rod model over all values of
shear rate. Bead-rod results cannot be reported in Fig. since the relaxation time
Ay 1s not appropriate for non-dimensionalizing the shear rate in that case. The relevant
relaxation time is the bead-rod relaxation time Ag (= ¢ Qg /12kgT), introduced previously
in Eq. (4.38), but defined here for a rod of length Qo in place of L. Using Ag to
non-dimensionalize FENE dumbbell results does not pose a problem, and as a result,

the viscosity ratio for the FENE dumbbell model for various values of » and € can be
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Figure 4.18: Normalised shear viscosity as a function of dimensionless shear rate (non-

dimensionlised with the bead-rod relaxation time), for free-draining FENE dumbbells

with b = 1 and b = 10, with and without internal viscosity. (a) Comparison with rigid

dumbbell results reported in [Stewart and Sorensen| (1972). Data corresponding to the

empty diamonds () have been taken from Table II of [Stewart and Sorensen| (1972),

while the filled diamonds () have been obtained the expression for the asymptotic values

of the viscosity ratio at high shear rates (Eq. (17) of [Stewart and Sorensen (1972)). (b)
Comparison with the results of the bead-string model (b = 0) reported in (1972),

at small values of shear rate. Error bars are smaller than symbol size.
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compared with bead-rod results over a wide range of shear rates, as shown in Figs.
The values of the viscosity ratio for the bead-rod model are taken from Stewart and
Sorensen| (1972) who report data in the form of a Table for Agy < 100 (see Table II in
Stewart and Sorensen (1972)) and as an analytical expression for asymptotic values of the
ratio at high shear rates (see Eq. (17) in [Stewart and Sorensen (1972)).

There are several points that are worth noting in Fig. (a), and they are discussed
in turn. Both the » = 10 and b = 1 curves have the same asymptotic shear thinning slope
of —(1/3) as the bead-rod model for € > 10 (as noted previously), but they lie above the
bead-rod curve at all values of the shear rate. When € is set equal to zero, the asymptotic
shear thinning exponent for the FENE dumbbell model becomes —(2/3), and as a result,
curves for both » = 10 and b = 1 cross the bead-rod curve at large enough shear rates
due to the enhanced shear thinning. An important point to note here is that the notion of
the FENE dumbbell model as a coarse-grained representation of a bead-rod chain is no
longer tenable for small values of b (Underhill and Doyle, 2004; |Pham et al., 2008)), and
their use here should be viewed as merely an examination of a phenomenological model
that could serve as a substitute for the bead-rod model. A problem with decreasing values
of b is, however, that accurate results require smaller and smaller values of the time step.

In his early investigation of FENE dumbbell models, Warner| (1972) introduced the
notion of a bead-string model that corresponds to the limit » = 0, in which the force is
negligible until a finite length. This is clearly as small a value as b can take, and in this
limit [Warner (1972) derived a power series expansion for the polymer contribution to
viscosity up to second order in the non-dimensional shear rate (see Eq. (23) in (Warner
(1972)). Fig. (b) compares the viscosity ratio predicted by the bead-string, bead-rod
and FENE dumbbell models for small values of shear rate. It is apparent that the extent of
shear thinning is nearly independent of the value of b at very small shear rates, and that
the bead-rod model shear thins more rapidly than the FENE dumbbell model at any value
of b. One can consequently conclude that while the asymptotic shear thinning exponent is
identical for bead-rod and FENE dumbbell models for small values of b and large values
of €, the onset of shear thinning occurs at smaller shear rates for the bead-rod model,
causing the viscosity curves for the two models to diverge.

The rigid dumbbell model (Stewart and Sorensen, |1972)) predicts a shear-thinning
exponent of —(4/3) for ¥,, which is four times the shear-thinning exponent for the
viscosity. From the variation in the first normal stress coefficient as a function of shear
rate (not plotted here), a shear-thinning exponent of approximately —1.2(6) is obtained for
the entire parameter set used in Fig. which is roughly four times the shear-thinning

exponent for viscosity.
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4.4 Conclusions

Using a dumbbell model of a polymer that accounts for the finite extensibility of the
spring, we have examined the effect of fluctuating internal viscosity and hydrodynamic
interactions on a range of rheological properties. This model may be viewed as a
preliminary pedagogical tool for capturing the influence of these phenomena on key
rheological observables. The results presented in this chapter have been published in

Kailasham et al. (2018)). The important results of our study are summarised below.

1. The most significant effect of hydrodynamic interactions is the magnification of the
stress jump in dilute polymer solutions in comparison to the free-draining case, a

finding that concurs with analytical predictions.

2. The zero-shear rate viscosity can be expressed as the sum of an elastic component
(the integral of the relaxation modulus) and a viscous component (the stress jump).
Values calculated in this manner have been compared against BD simulations and

are in good agreement.

3. The zero-shear rate viscometric functions are practically independent of the internal
viscosity parameter, for free-draining dumbbells. The inclusion of hydrodynamic
interactions, however, induces a non-trivial coupling with internal viscosity, and
consequently, the zero-shear rate properties display a dependence on both the HI

and the IV parameter.

4. Hydrodynamic interactions alter the transient viscometric functions perceptibly.
However, their effect on the steady-shear properties are less marked, with the effect

of HI weakening at higher shear rates.

5. Overshoots in viscosity and the first normal stress coefficient occur at progressively
earlier times as the shear rate is increased, yet the strain at which overshoot occurs
remains roughly constant over a wide range of shear rates, in agreement with

experimental observations on polymer solutions and melts.

6. In the asymptotic limit of high shear rates, internal viscosity significantly affects the
shear-thinning exponent in viscosity, with the magnitude of the slope decreasing
with an increase in the magnitude of the internal viscosity parameter. The
shear-thinning exponent for the first normal stress coefficient, however, remains

practically unaffected by the inclusion of internal viscosity.
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7. There is a remarkable, but unexplained, similarity in the steady-shear viscosity
profiles of FENE-IV dumbbells and multi-bead chains with finitely extensible

springs and hydrodynamic interactions.

8. The relaxation modulus of an ensemble of FENE dumbbells with € = 10 is identical
to that of a mixture of rigid dumbbells. For the stress jump, increasing values of
the IV parameter give results that are in closer agreement with the rigid dumbbell
case. In steady shear flow, the asymptotic shear thinning exponent is identical for
bead-rod and FENE dumbbell models with small values of b and large values of .
However, the onset of shear thinning occurs at smaller shear rates for the bead-rod

model than for FENE dumbbells with any value of b, no matter how small.

A comparison with biophysical experiments that determine the reconfiguration time
of proteins, or the energy landscape of polysaccharides, would necessitate the use of a
multi-bead spring chain that incorporates IV and HI. Dasbach et al. (1992) have obtained
an approximate analytical solution for such a chain model. The use of BD simulations
to solve the bead-spring-dashpot chain model exactly is rendered difficult by the fact
that formulating the correct Fokker-Planck equation for such a system, and finding the
equivalent set of stochastic differential equations, is non-trivial, and is the subject of
Chapter 3



Chapter 5

Rouse model with fluctuating internal

friction

5.1 Introduction

The machinery for the solution of coarse-grained polymer models through Brownian
dynamics (BD) simulations is well-established (Bird et al., 1987b; Ottinger, 1996): the
equation of motion for the connector vector velocities is combined with an equation of
continuity in probability space to obtain a Fokker-Planck equation for the system, and
the equivalent stochastic differential equation is integrated numerically. The inclusion
of internal viscosity, however, results in a coupling of connector vector velocities and
precludes a trivial application of the usual procedure for all but the simplest case
of a dumbbell. By expanding the scope of an existing methodology for velocity-
decoupling (Manke and Williams, |1988)), the exact set of governing stochastic differential
equations for a bead-spring-dashpot chain with N, beads, and its numerical solution
using BD simulations is presented here. The thermodynamically consistent (Schieber and
Ottinger, |1994) stress tensor expression for this model is derived, and material functions
in simple shear and oscillatory shear flows have been calculated.

It is instructive to first briefly survey the methods employed in the past, before
turning our attention to the solution proposed in the present work. Booij and van Wiechen
(1970) used perturbation analysis to expand the configurational distribution function of
a Hookean spring-dashpot in terms of the internal friction parameter, ¢ = K/, which
is the ratio of the dashpot’s damping coefficient, K, to the bead friction coefficient,
{, and predicted optical and rheological properties in the presence of steady shear
flow. On the other hand, Williams and coworkers offered a semi-analytical approximate

solution for the stress-jump (Manke and Williams, [1988)) of bead-spring-dashpot-chains
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with an arbitrary number of beads, using a decoupling procedure which is discussed at
length later in this chapter. They also obtained predictions for the complex viscosity
of such chains by writing the configurational distribution function as a series expansion
in strain Dasbach et al. (1992). While the approach of Booij and van Wiechen (1970)
is restricted to small values of the internal friction parameter, the solutions proposed
by Williams and coworkers (Manke and Williams, |1988; |Dasbach et al., [1992) are
applicable only in the linear viscoelastic regime. The transient variation and steady-state
values of viscometric functions of bead-spring-dashpot chains with arbitrary chain-length
in shear flow have been predicted (Bazua and Williams, [1974; Manke and Williams,
1989) using the linearized rotational velocity (Cerf, [1957; R. Cerf, 1969; Peterlin, 1967)
(LRV) approximation for the internal viscosity force. The LRV approximation, however,
was shown to be incorrect (Booij and van Wiechen, |1970; Manke and Williams, |1988;
Dasbach et al., 1992) and its use was subsequently discarded. For the simplest case
of a single-mode dumbbell-dashpot, it is straightforward to formulate the governing
Fokker-Planck equation and obtain its equivalent stochastic differential equation. Both
linear viscoelastic properties (Hua and Schieber, 1995) and viscometric functions in
steady-shear flow (Hua et al., 1996)) have been calculated for this model using Brownian
dynamics (BD) simulations, for arbitrary values of the internal friction parameter, as
discussed previously in Chapter 4, The single-mode spring-dashpot model has also been
solved using a Gaussian approximation for the distribution function (Schieber, [1993;
Sureshkumar and Beris, [1995). Upon comparison against exact BD simulation results,
it was found that the Gaussian approximation (GA) offers accurate predictions of linear
viscoelastic properties, but is unable to predict the shear-thickening of viscosity (Hua and
Schieber, 1995)) predicted by the exact model. Furthermore, the predictions for the stress
jump in the start up of shear flow, obtained from BD simulations on the exact model, the
Gaussian approximation, and the semi-analytical treatment of Manke and Williams agree
with one another (Hua and Schieber, [1995)).

Fixman|(1988) has shown that the effects of bond length and bond angle constraints
in stiff polymer models may be sufficiently mimicked by a Rouse/Zimm-like chain with
internal friction. A preaveraged form of the internal friction force was chosen for
analytical tractability, and this simplified model yields predictions for equilibrium and
linear viscoelastic properties, such as the bond-vector correlations and storage and loss
moduli, that are in reasonable agreement with that of stiff polymer chains. McLeish
and coworkers developed the Rouse model with internal friction (Khatri and McLeish,
2007) (RIF), wherein the standard continuum Rouse model is modified to include a

rate-dependent dissipative force that resists changes in the curvature of the space-curve
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representing the polymer molecule. As will be shown in the next chapter, the RIF model
represents a preaveraged treatment of internal friction, while, in this work, we have
developed an exact model which accounts for fluctuations in the internal friction force.
A thorough test of the accuracy of the preaveraging approximation, by comparing model
predictions for observables at equilibrium and in flow, against exact BD simulations which
account for fluctuations in internal friction, is presented in Chapter [6]

There currently exists no methodology that is able to predict both linear viscoelastic
properties and viscometric functions in shear flow for bead-spring-dashpot chains with
arbitrary number of beads and magnitude of internal friction parameter. We address
this deficiency by solving the bead-spring-dashpot chain problem exactly. We compare
BD simulation results for the stress jump and complex viscosity against approximate
analytical predictions given in Manke and Williams (1988) and Dasbach et al. (1992),
respectively, and present steady-state results for viscometric functions in simple shear
flow for the general case of N, > 2, for the first time.

A crucial step in our methodology is the decoupling of the connector vector
velocities of neighboring beads. Stripping away all physical detail, the decoupling
problem may be stated as follows: given a “generating equation" for some S; which
is of the form

Si=di.1Sjs1+eSj XL X, .., XN) S.D

where j € [1, N], and the X; do not depend on the S;, with {f, dj, e‘,} being some arbitrary
functions of the X;, is it possible to write an expression for S§; solely in terms of the
X; that does not explicitly depend on any other S;? Manke and Williams| (1988) have
proposed a three-step procedure for the solution of this problem. As the first step, the
equation for §; is successively substituted into S}, starting from j = 1. At the end of
this forward substitution step, an equation for S; is obtained that only depends explicitly
on S;;; and X; with 1 < i < j. The second step is a backward substitution, where the
equation for S; is successively substituted into S;_;, starting from j = N. This results in
an expression for §; that only depends explicitly on §;_; and X; with j < i < N. Finally,
upon combining the results from the forward and backward substitution procedures, the
decoupling procedure is completed, resulting in S; = A;¢ (X, Xs, ..., Xy) where A is
defined recursively in terms of d and e. While the decoupling methodology developed by
Manke and Williams has been adopted in the present work, we differ significantly in the
generating equation which is subjected to the decoupling procedure, as discussed below.
A schematic representation of the decoupling methodology is displayed in Fig.

The rest of this chapter is structured as follows. Section |5.2| presents the governing

stochastic differential equations and the stress tensor expression for a free-draining
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Decoupling Methodology

Given §; = d;_15;_1 + €j4+15;41 + &, the following procedure leads

to an expression for §; that does not depend explicitly on any other S;

Step Output

(1) Forward Substitution

“ = Sj = f(Sj+1,6)

(2) Backward Substitution

‘ - - =) =) S = 9(Sj-1,6)
(3) Combine expressions from (1) and (2) to get decoupled expression | S; = A;¢
for §; .
j A= h({d.e})

Figure 5.1: Schematic of three-step decoupling methodology introduced in Manke and
Williams (1988)).

bead-spring-dashpot chain, and contains simulation details pertaining to the numerical
integration of the governing equations. Sec. which is a compilation of our results
and the relevant discussion, is divided into three sections; Sec. deals with code
validation, Sec.[5.3.2]presents results for the complex viscosity calculated from oscillatory
shear flow simulations, and Sec. |5.3.3| contains results for steady shear viscometric
functions.We conclude in Sec.

In Appendix B} the first few iterations of the forward and backward substitution
steps are explicitly shown, from which the general expressions may be discerned by
induction. The detailed steps for the derivation of the stress tensor expression are provided
in Appendix [Cl As described later in detail, the governing stochastic differential equation
and the stress tensor expression require the evaluation of a divergence term which does
not appear in conventional bead-spring-chain models. Appendix [D]outlines a procedure

for evaluating these terms analytically.

5.2 Governing Equation and simulation details

As will be seen shortly, in the absence of hydrodynamic interactions, the inclusion
of internal viscosity results in an explicit coupling of the connector vector velocities
between nearest neighbors, and these velocities may be decoupled using the procedure

suggested by Manke and Williams (1988)). The simultaneous inclusion of fluctuating
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hydrodynamic interactions and internal viscosity, however, results in a one-to-all coupling
of the connector vector velocities, which renders the problem intractable using the
approach suggested by |Manke and Williams (1988). As shown in Chapter in
dumbbell models with internal viscosity, hydrodynamic interactions significantly magnify
the stress jump and perceptibly affect the transient viscometric functions. Coarse-
grained polymer models which incorporate both fluctuating hydrodynamic interactions
and internal viscosity are currently unsolved for the N, > 2 case. In this chapter, we
restrict our attention to freely-draining bead-spring-dashpot chains.

In the absence of excluded volume and hydrodynamic interaction effects, the

governing equation given by Eq. (2.1) reduces to

[[Qk]] =k-Q;— = Z Ay - (kB Hln‘P QIQI

5.2
20, 5Qz 0’ [[Q;]]) (5.2)

with Ay in Eq. (12_1b replaced by Ay as given in Eq. @, and ¢ = ¢}, [as defined
in Eq. throughout this chapter. The solid and dashed underlined terms on the RHS
of Eq. represent the Brownian and spring force contributions, respectively. Since
Manke and Williams| (1988)) were concerned only with the evaluation of the stress-
jump, which occurs instantaneously upon the inception of flow, they assumed that the
configurational distribution function may be reasonably approximated by its equilibrium
value. Since the Brownian and spring forces exactly balance each other at equilibrium,
i.e., kgT(0InY.q/0Q)) + (0¢/0Q;) = 0, Manke and Williams (1988) ignore both these
forces in their equation of motion. Here, however, we aim to find the exact governing
equation that is valid both near and far away from equilibrium, and have consequently
retained both the underlined terms in the force-balance equation.

As seen from Eq. , there is an explicit coupling between the velocity of the k™"
connector vector and its nearest neighbors which precludes a straightforward substitution
into the equation of continuity for the configurational distribution function. This velocity-
coupling may be removed by applying the decoupling scheme described in Fig. as
shown below. We first define the quantity

0,10,

Ci =
O

; k=1,2,---,N (5.3)
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Upon taking a dot-product on both the sides of Eq. lb with @, /03, an equation for Cy

1s obtained as

Qk) . _( )(%)[aln‘}’ zaln‘I’_aln‘P]
€= (Qk ¢\ e ["a0. ., ** a0, " 90,

(Qk) [ 00,0 _ a¢]
“a\g) e a0 0.,

K 2K K .
({)Ck 1L 1(QQkk1) ( 7 )Ck+ (Z)CknLk(QQkkl) (5.4)
where
Ly =cosO;, = % (5.5)

Upon grouping together terms containing C; on the RHS and simplifying, the generating

equation is obtained as

B 4 % . kT 0, O0lnY¥Y Gln‘I’_aln‘P
C"‘(4+2K)(Qi) (k- Q)= (é+2K)(Qk) [ 0., "2 a0, " 0.,

(0 %)[_ 00,00 _ 8(;5] e
(§+2K)(Qz 50, " %80, " 90, -0

(el )3

Eq. (5.6) is then subjected to the forward and backward substitution schema discussed

previously, to obtain a decoupled expression for C;. In the forward substitution step,
the equation for Cy is substituted into that for Cy,4, iteratively, starting from k = 1 until
k = (N — 1). The first few steps of the iteration are explicitly illustrated in Sec. of

Appendix [B| following which, the general expression may be written, by induction, to be

([ K Ok+1 { L\
Ck(l_Mk)—(m)CkﬂLk( O )+(§+2K)(@)Zrz (k- Q)

=1

B kBT Qk 6111\11 _ # Qk
r 5kN)(§+2K)(Qk)(Qk) (an+1)+(l 5“”(4 )(Qk)(Qk) (6Qk+1)

ksT \( 1\ 0 (0N 1 1\ (00
(@) (G ) Ella)nm () o

where

2 2

K L, .

Mk:(§+2K) (1 ’;W‘ ); with M, =0, (5.8)
- k-1
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ol g

EY =21 -1 -1, (5.10)

and

Here, ng) is defined only for 0 </ < k < N, and is set to zero otherwise.

The backward substitution step involves plugging in the equation for Cy into Cy_j,
iteratively, starting from k& = N until k = 2. The first few steps of the iteration are
explicitly illustrated in Sec. of Appendix B} following which, the general expression

may be written, by induction, to be

Cube (QQ/:) i (4 +K2K)(1 - Pk) Claticr s (4 +§2K)( ),i Al
(el =) (o @) ()
(e (7)o a6 ()

(S ) ) () e

where
K \( L?
P, = . with Py =0, 5.12
¢ (§+2K) (1—Pk+1) e 612

() (L)) 6

~(k
The vector G; : appearing in Eq. (5.11) is constructed using a slightly elaborate procedure.

and

It is useful to first consider a block Rouse matrix, E, of size Y XY, where ¥ = (N —k)+1,

whose each element is a 3 X 3 matrix, and has the following structure,

26 -6 0
5 26 -6 0

R=|0 -6 26 -6 --- (5.14)
0o 0 - -5 26

and define the intermediate quantity,

’Y‘(k) ~ K s—1 [k+s—1 1 .
© \e+2k \1-p)

i=

Qs+k—1 )
= 5.15
( Qs+k—1 ( )
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—~(k
which is then used to populate a block matrix, G)( ), of size T X T that has the following

structure

A
~ k k
v, 7, 7, 0
—~ (k)
0" =0 7;“ Y;k) oo (5.16)
~(h)  ~(k
0 0 - Y. .

. . e~ —(k)
We next consider the block matrix Z® constructed from R and ® ', such that Z® =

CP — g
R G) NOW Gk+m - m+l ,m+1°

of variable, k — (k + 1), in Eq. (5.11)) permits us to write

Ow1\ ([ K 1 2 4 ~(k+1)
Ck+1Lk( Ok ) - (§+ ZK)(I —Pk+1)CkLk " (§+2K)(Qk)zz ()

k+1
1 1
+ (1 = 6iw) (—1 "y 1)Lk (@)

which is the (m + 1) diagonal element of Z ®A change

() (62) (% )+ (=ar) (52) ()
{+2K )\ Ok 00, {+2K )\ Ori1) \0Q,

kT \[ 1) < =ke1) (8ln‘P) ( 1 )( 1) N e (6(15)
- — G, - - — G 5.17
(4+2K)(Qk),:k+l v e, )\ )a) 229 \ae) O

Lastly, by inserting the backward substitution result, Eq. (5.17), into the equation obtained

from forward substitution, Eq. (5.7)), the decoupled expression is obtained as

Ce(l =M —Py) = (§+2K)( )ZA(k) (-0)

N . (5.18)
—~k) (0In¥ —(k)
_( )(§+2K)Z‘ ! '(agl) (4+2K); ! (an)]
with
I‘ﬁk); I <k
—) 0,
= =—; =k
A, (Qk) (5.19)
K ~k+1),
(g+21<)pl P>k
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and
EY; <k
1 K 0
/J\(k) o ) 1 =P J\C+2K ¢ Ok+1 5.20)
e [(—{ +K2 K)EE“” - (%)] : I=k+1 |
k
K _\g*, I>k+1)
7+2Kk)7 "

The procedure for the construction of EEM) which appears in Eq. (5.20) is fairly similar to

that described in Egs. (5.14)—(5.16) for the construction of ak), with the only caveat that
= —~(k+1
the size of the block matrices, R and the 9( ’ ), remain V' XY, where T = (N — k)+ 1. This

. ~(k+1) . . ..
procedure for the construction of G, allows for an easier mathematical description. The

implementation of this calculation in the computer code, however, follows the formula:

~(k+1) ~(k+1) ~k+1) ~(k+1)
Gk+l+m:2Y Y ;

m+l — tm — LTms2

1<k<N (5.21)

While Eq. (5.21) appears to be relatively simple in comparison to the detailed procedure

described above, its implementation requires a cascade of “if-else” statements to ensure a

valid value for each term on its RHS. For example, we see from Eq. (5.15)) that 73?1) has

a non-zero value only if: (a) m > 1, and (b) 1 < (m + k) < N, and is set to zero otherwise.

Defining
(5.22)

Eq. may be rewritten as
1 1\ 1 L\[(ksT\ = 0 (OInP
o= (ma)la)pn w0 (575 (5
y (5.23)
15 )
+(4);"l )

to give the decoupled expression for C;. Noting that the equation for the momentum-

averaged velocity of the j™ connector vector in a freely-draining chain is given by

kyT OIn¥ 10 al
L ¢ ) —¢ Y Ajy-Q.Ck (5.24)
k=1

N
IM=k-0 -5 A. . -
[Q;1=«-0, ; Jk ( {00, +§‘9Qk -
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and substituting the expression for C from Eq. (5.23) into Eq. (5.24),

. N kyT OIn® 1 ¢ ¢\ AN
[[Qj]]_K'Q"_Z::‘A""'(g 50, ka) (1+2¢)2A’*'(E)A’ (o)

k=1

(5.25)

The dashed and dotted underlined terms in Eq. (5.25) are denoted by the tensors ay,
and p,,, respectively. The following simplifications in notation are introduced before

proceeding to the next step:

o 0
B (B

N N
U = Z Ap-an; V= Z Aji -y
k=1 k=1

Using Egs. (5.19) and (5.22), an alternate definition for @, that is more convenient for

(5.26)

the construction of the stress tensor expression, may be constructed as,

ay = X(k) (gigi) (5.27
where
il Tt oo
A= m); =k (5.28)
1- Mlk - Pk) (g +K2K)l_k [Hfzkﬂ (1_;131) LH] s I>k

The equation for [[Q fl then becomes
N
. _ _ o kBT 0lnV¥ 1 (9(15
101=20,7 0,4 ( g, ka) (1+2 )[ZU’I o)

‘(l%)ﬁvl(a;g) ( )ZVJ’ (an)

(5.29)




5.2 Governing Equation and simulation details 115

which is simplified to

012 0m e 0 1o (2]

k=1
kpT & ¢ dln¥
-z Ay——v. | [—=
Z Z( ‘ 1+2¢V”‘) (an)

As the next step, the expression for [Q ;1 will be substituted into the equation of continuity,

(5.30)

recognizing that the homogeneous flow profile allows one to write the continuity equation

solely in terms of the relative coordinates, Q;. This means that the distribution function
Y (r.,0,,0,,..0y) can be replaced by ¥ (Q,, Q,, ...Qy), and we have

N N
W Zag O Y I C e IR T ACED

J=1

1 & @ d¢ ksT 0 @ oy
‘ZZ(A’*‘szV’*) (an ]‘”}+ ZaQ (Aj“1+2sovfk) 20,

k=1

The last term on the RHS of Eq. (5.31) must be processed further, in order to render the
Fokker-Planck equation amenable to the Itd interpretation (Ottinger, [1996). Invoking the
identity given in Equation of Appendix D] we may write

0 ¢ o 8 b e Y
i, (4 Timv) i - aga (A ]

9 9 @ r
30 Vag (- iz |

Recognizing that the Rouse matrix, A j, is composed only of constant values independent
of the chain connector vectors, we have (9/0Q,) - A]Tk = 0, and can simplify Eq. 1! to

the form

(5.32)

s o w0 8 [, e Y
a_Qj'(Ajk_mij).‘an_an(an'[(A]k 1+2¢V’k) wl

("2 0 0 T
¥ (1 +2<,o) 30, '{"’agk Vf"}’

which, upon substitution into Eq. (5.31]), results in

Zi{[g( ¢ )iu..(K.Q)_zj(A._LV_).(@)
=1 0Q; T\l+2 I=1 % “g g 1+2¢ " 00,

=1
(5.33)

kBT "2 al 0 kB (% r
T . g — V.
‘( : )(sto);agk'vﬂ‘] } ];6Q 30, [( 8 1+2¢Vf") ‘”l
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Defining

ij Jk 1_:02(,0‘/]/(’ ]’k 1,2, ,N
50

?/: —VTk; j:1,2,"',N (5'34)
,; 00, '
o¢

Fi=——; k=12,---,N

£ 00,

the Fokker-Planck equation is rewritten as

N

N 9 o . N R S
_;@'{[K'Qj_(l+290);Ujk'(K'Qk)_ZkZ=;Ajk'Fk (5.35)
kgT ¢ \- ksT

_(T)(sto) ]} ;GQ 30, (2]

and its dimensionless equivalent is given by

N N
(9t* Z {[ (1f2¢);Ujk~(K*-Qk)——ZA,k F®  (536)

N

1 1 —~T
_Z(1+2¢)25Q ij] } ZZ 3Qk-[Ajk‘/’]

k=

In the absence of internal friction, both U j, and V j reduce to 0, and :4\‘,-,{ becomes A j;. In
order to simplify the notation, it is convenient to rewrite the Fokker-Planck equation in

terms of collective coordinates. We define
0 =01 05 ... 03] =01 0. 07, 03", 07, ... 0}

and write @,- = QZB ,wherek =1,2,...,Nand 8 = 1,2, 3 (represent Cartesian components
in the x, y, z directions, respectively), with i related to k and S as i = 3 (k — 1)+f. Similarly,
F = [F;5, F3, ..., Fi), and v* = [5;1, 0% ..., l/);N]. The diffusion matrix 9D of size
N X N is defined, whose elements are the tensors A . The block matrix K is defined
such that its diagonal elements are given by the 3 X 3 matrix «*, and its off-diagonal
blocks are 0. Lastly, the block matrix U consists of the tensors Uj. In terms of these
collective variables, the stochastic differential equation equivalent to Eq. (5.36)), using
1td’s interpretation (Ottinger, 1996), is given by

e
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where W* is a 3N—dimensional Wiener process, and B - B" = D. The symmetricity
and positive-definiteness of the diffusion matrix is established empirically in Section
of Appendix Dl The square-root of the diffusion matrix is found using Cholesky
decomposition (Press et al.| 2007)). Equation (5.37)) is solved numerically using a simple

explicit Euler method, as follows

Q (1) =Q°, +

— gt 1 %S
K (tn) : Q* (tn) - (L) (l/l(tn) ' (7(* (tn) ' Q* (tn)) - ZD* (tn) -F (tn)

1+ 2¢
1 @ ~
(i)l

1 ~
At, + —AS*, (5.38)
V2

where A§*n =8 AVT’*,,.

In Fig. the scaling of the execution time as a function of the chain length is
presented for a code written using the simple explicit Euler method for solving the SDE.
The time taken for simulation of simple Rouse chains scales with an exponent of 1.7 with
respect to the chain length, whereas chains with internal friction scale with an exponent
of 2.7. Moreover, running simulations on chains with internal friction after dropping
the noise term from the governing equation does not seem to significantly affect the
execution time, indicating that the calculation of the square root of the diffusion tensor,
using Cholesky decomposition, represents only a minor portion of the total workload.
Furthermore, the execution time and scaling for chains with internal friction is practically
unaffected by the value of the internal friction parameter.

The code is written in a way that the simulation of chains without internal friction
involves neither the construction of the 94 and 9 matrices, nor the evaluation of the
divergence terms or the square-root of the diffusion tensor. In fact, the Rouse case
is simulated exactly as given in Eq. (4.4) of |Ottinger (1996), which is a significant
simplification over the case with internal friction turned on.

In absolute numbers, the execution time for one trajectory of a ten-bead Rouse chain
is 0.07 seconds, whereas that for a ten-bead Rouse chain with internal friction (¢ = 1.0)
is 49.6 seconds, representing an increase that is nearly three-orders in magnitude.

In order to relate the time-evolution of the connector vectors to macroscopically
observable rheological properties, it is necessary to specify an appropriate stress tensor
expression for the model discussed above. The formal, thermodynamically consistent

stress tensor expression for free-draining models with internal friction may be obtained
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Figure 5.2: Scaling of simulation time as a function of number of beads in the chain.
Execution time is calculated as an average over one hundred trajectories at each value
of Ny. Each trajectory is 100 dimensionless times (dy) long. Simulations performed on
MonARCH, the HPC hosted at Monash University, with all the runs executed on the same
type of processor [16 core Xeon-E5-2667-v3 @ 3.20GHz servers with 100550MB usable

memory]. A step size of At* = 1072 is used for all the simulation runs in this plot.

using the Giesekus expression (Schieber and Ottinger, 1994), as follows

N N d
T, = n%g <Z Z (gijij>(l) = n;;{[z <Z Sgﬂijij> — K- <%: ngijQk>

j=1 k=1 ik

_ <Z %ijQk> - KT]
Jik

where € is the Kramers matrix (Bird et al., |1987b). Upon simplification, as detailed in
Appendix [C]

(5.39)

Np—1
7y = nokT (Ny — 1) — <Z QkF,§> (5.40)

k=1
which is formally similar to the Kramers expression (Bird ez al., |1987b), except that the

force in the connector vector, F,, is redefined to include contributions from both the spring
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and the dashpot (also noted by Wedgewood (1993); |Schieber and Ottinger (1994); Hua
et al.|(1996) for Hookean dumbbells with IV), as follows,

FS = F} + KC,Q, (5.41)

where Cy = (Qk -[0.1/ Qi) Substituting Eq. (5.41) into Eq. (5.40) and using the closed-

form expression for Cy as given by Eq. (5.23)), the dimensionless stress tensor expression
is obtained as

T * xS 1 € * RS
”kaT (b= Do- <; Ok > 2 (1 + e) <; (QiF7") ”lzl> + <;ﬂ1{k>
2 \ . [ x"00,0:0;
<2Qkag* ”"1>] (He)K '<Z 0,0 >

k1l

(5.42)

where € = 2¢, and the definitions of y;, and )(E are provided in Eqs and -
Variance reduction (Ottinger, 1996; |Wagner and Ottlnger, 1997) has been used in
the evaluation of steady-shear viscometric functions at low shear rates (1yy < 1.0), and
for the calculation of oscillatory shear material functions at all frequencies reported in this
work. In Fig. the effectiveness of variance reduction in oscillatory shear flow has been
illustrated by comparison against data obtained from control simulations without variance

reduction, for the same ensemble size of 10* trajectories and a step-size of Ar* = 1073,

The underlined terms in Egs. (5.38) and (5.42) may be calculated by two routes:

analytically, using recursive functions as explained in Appendix @], or they can be
calculated numerically. The connector vectors appearing in Egs. ) below
are in their dimensionless form, with the asterisks omitted for the sake of clanty. The

numerical route for the calculation of divergence is described below. Consider the general

Z Z (5.43)

5171

where 8 and y run over the three Cartesian 1ndlces, G jx is a configuration-dependent

divergence,

tensor, and e, is a unit vector. The computation of the divergence requires the calculation
of nine gradient terms, which are evaluated using the central-difference approximation.
One such evaluation is shown here as an example:

Gin( ;13) 22 [ (Qk + A1, OF, Qk) i (Q11< - AL O, Qi)] (5.44)
k

where A is the spatial discretization width along one Cartesian direction, representing
the infinitesimal change in Q,. The error in the evaluation of the gradient using this

approximation scales as O(A?). We have validated that the divergences calculated
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Figure 5.3: Illustration of the efficacy of variance reduction for a ten-bead chain with

internal friction in small amplitude oscillatory shear flow.

numerically agrees with that obtained using recursive functions [see Figure in
Appendix [D]], and have chosen the numerical route in view of its faster execution time
that is largely invariant with chain length. In numerical computations, we set A} = A, =

Az = Aq = 107>, unless noted otherwise.

5.3 Results

5.3.1 Code Validation

In Fig. the methodology for the estimation of the shear stress jump from BD
simulations is illustrated for a three-bead chain with an internal friction parameter of unity,
subjected to a dimensionless shear rate of A5y = 50. The shear viscosity is recorded as a
function of time, and a fourth order polynomial is fit through the data points, to obtain its
extrapolated value at * = 0, which represents the stress-jump, as indicated by the triangle.

In Fig. the stress-jump calculated for different chain lengths using the procedure

described above is plotted as a function of the dimensionless shear rate. It is observed
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Figure 5.4: Procedure for estimation of stress jump illustrated for a three-bead chain with
¢ = 1.0, subjected to steady-shear flow at 1yy = 50. A fourth order polynomial is fit to

the transient shear viscosity data, to obtain the extrapolated value at t* = 0.0.

that the stress jump is independent of the shear rate, in agreement with the theoretically
expected trend (Gerhardt and Manke, 1994). The horizontal lines in the figure represent
the approximate analytical values for the stress jump evaluated by Manke and Williams
(1988), and very good agreement is observed between the values estimated using the two
approaches.

In Fig. (a), the stress jump evaluated from BD simulations for two different
values of the internal friction parameter is plotted as a function of the number of springs
in the chain. The semi-analytical approximation of Manke and Williams Manke and
Williams (1988) is found to compare favourably against the exact simulation result.
Furthermore, it is observed that the stress jump scales linearly with number of springs
in the chain, with the slope of the line dependent on the internal friction parameter. It
is instructive to first understand the two simplifying assumptions made in Manke and
Williams Manke and Williams (1988) before interpreting the data in Fig.|5.6|(b) where the
percentage difference between the analytical and simulation results is plotted as a function
of chain length at a fixed value of the internal friction parameter. The first assumption is
that the configurational distribution function at the inception of flow may be approximated

by its equilibrium value, as mentioned in the discussion surrounding Eq. (6.31)). Secondly,
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Figure 5.5: Stress jump as a function of dimensionless shear rate for various chain lengths
and a fixed internal friction parameter of ¢ = 1.0. Lines are approximate solutions by

Manke and Williams| (1988)). Error bars are smaller than symbol size.

it is assumed that the terminal connector vectors and interior connector vectors contribute
equally towards the stress jump. This assumption is necessary only for chains with N > 2,
because there is no distinction between a terminal and interior connector vector for a
dumbbell (N = 1), and the two connector vectors for the N = 2 case are shown by Manke
and Williams (1988)), using the first assumption, to contribute identically to the total stress
jump. It is anticipated that the second assumption would be most severely tested in chains
with fewer number of springs, where the terminal springs represent a larger fraction of the
overall chain, and becomes progressively better with an increase in the number of springs.
The expected trend is clearly borne out by Fig. (b), where the deviation between the
exact simulation result and the analytical value first increases (beyond N = 1) and later

decreases with the number of springs in the chain.

5.3.2 Complex viscosity from oscillatory shear flow

In Figures [5.7] and [5.8], the material functions in oscillatory shear flow are plotted
for a fixed value of the internal friction parameter, and varying number of beads in the
chain. The exact BD simulation results, indicated by symbols, are compared against

the the approximate prediction given by |Dasbach et al.| (1992), shown as solid lines.
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Figure 5.6: (a) Comparison of stress jump obtained using extrapolation of BD simulation
data, and approximate solutions by Manke and Williams (1988) indicated by solid lines.
(b) Percentage difference between stress jump obtained using the two approaches, as a
function of chain length. Dashed lines are drawn to guide the eye. Error bars are smaller

than symbol size.
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Schieber |Schieber (1993)) has obtained predictions for " and 1" for Hookean dumbbells
(N, = 2) with internal viscosity, using a Gaussian approximation (GA), and these
predictions have been shown using dash-dotted lines. The high-frequency-limiting value
of i obtained by GA agrees with that derived by Dasbach et al. (1992). Furthermore,
while the functional form of 7" obtained by GA matches with the expression given by
Dasbach et al. (1992), they differ in the sense that the GA predicts a ¢-dependent rescaling
of the frequency which is absent in the latter work.

As seen from Fig. (a), the inclusion of internal friction into the Rouse model
introduces a qualitative change in the variation of the dynamic viscosity, r’, with the
appearance of a plateau in the high-frequency regime, in contrast to the Rouse model
where 77 — 0 in the high-frequency limit. The numerical value of the plateau is equal to
the stress jump, as seen from our simulations, which is in agreement with the theoretical
prediction of (Gerhardt and Manke (1994). Since the stress jump scales linearly with
the number of beads in the chain[Fig. (a)], and the Rouse viscosity, 7%, scales as
N? [Eq. ], the height of the high-frequency plateau decreases with an increase in
the number of beads in the chain. The difference in the dynamic viscosity for the three
different cases are less perceptible in the low frequency regime, where they are all seen
to approach the respective Rouse viscosity. The GA prediction (Schieber, [1993) is seen
to perform marginally better than the Dasbach et al.| (1992) prediction at low frequencies.
With the increase in the number of beads, the Dasbach ef al. (1992) approximation
compares satisfactorily against BD simulation results.

In Fig.|5.7|(b), the dynamic viscosity for chains with internal friction is scaled by its
corresponding values for a Rouse chain and plotted as a function of scaled frequency. It is
seen that the departure from Rouse prediction is pushed to higher values of the scaled
frequency with an increase in the number of beads. Furthermore, since models with
internal friction predict a saturation of the dynamic viscosity at high frequencies, and since
the Rouse model prediction in the high frequency regime decays asymptotically as ~ w™>
[Eq. , the scaled dynamic viscosity is expected to vary as ~ w? at high frequencies.
This scaling is observed for all three cases examined in Fig. (b). The long-chain
(Ny, = 100) result predicted by the Dasbach et al. (1992) approximation plotted on the
same graph, further enunciates that for a fixed value of ¢, the effect of internal friction
decays with an increase in chain length.

A similar weakening of internal friction effects has also been predicted by the RIF
model (Khatri and McLeish, 2007), where the relaxation time of a mode g is simply
the sum of a mode-number-dependent Rouse contribution (T? = 78/g%), and an internal

friction contribution (7, that is independent of mode-number. Here, T8 = (Ngg“ / 7T2H) is
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Figure 5.7: Plots of the real (r7") component of the complex viscosity, as a function of the
scaled frequency, for a fixed value of the internal friction parameter and three different
values for the number of beads in the chain, scaled by (a) the Rouse viscosity and (b) the
real component of the complex viscosity of a Rouse chain. The solid lines are approximate
solutions given in Dasbach et al.| (1992). The dash-dotted lines represent predictions
obtained using the Gaussian approximation (Schieber, [1993). Error bars are smaller than

symbol size.
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Figure 5.8: Plots of the imaginary component (17”) of the complex viscosity, as a function
of the scaled frequency, for a fixed value of the internal friction parameter and three
different values for the number of beads in the chain, scaled by (a) the Rouse viscosity

and (b) the imaginary component of the complex viscosity of a Rouse chain. The solid

lines are approximate solutions given in [Dasbach et al. (1992)). The dash-dotted lines

represent predictions obtained using the Gaussian approximation (Schieber, |1993). Error

bars are smaller than symbol size.
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the Rouse relaxation time, and 7;,; = K/H is a characteristic timescale defined on the basis
of the damping coeflicient of the dashpot. The relative magnitude of the two timescales is
then

R
Tq Nb

Two aspects are clear from the pre-averaged model predictions, for a fixed value of ¢:

2
T (@) ¢ (5.45)

Firstly, for a fixed chain length, the effects of internal friction are most pronounced at the
higher mode numbers, i.e., at short time scales, and has the least impact on the global
relaxation time, corresponding to the g = 1 case. This aspect is qualitatively evident from
Fig. (b): at low frequencies, where long wavelength motions (low mode numbers)
are perturbed, the dynamic viscosity for chains with internal friction is indistinguishable
from the Rouse value. At higher frequencies, where short wavelength motions (large
mode numbers) are probed, a clear departure from the Rouse value is observed, and one
could consider that the deviation occurs at some critical mode number for a given chain
length. Secondly, for a given mode number, the effect of internal friction diminishes
with an increase in the chain length. This trend is also evident from Fig. (b), where
it is observed that the onset of deviation from the Rouse prediction is pushed to higher
frequencies with an increase in chain length. Hagen and coworkers (Qiu and Hagen,
2004b; Pabit et al., 2004 Hagen, 2010) predict, based on experimental reconfiguration
time measurements on proteins, that the effect of internal friction is most easily discernible
in short molecules that fold on microsecond-timescales, and could scarcely be detected in
longer molecules whose folding times are in the millisecond range.

In Fig. (a), the imaginary component of the complex viscosity, i, is normalized
by the Rouse viscosity and plotted as a function of the scaled frequency. The Rouse
scaling exponents at the low, intermediate and high frequency regimes are indicated in
the figure. It is seen that inclusion of internal friction does not affect the Rouse scaling
at low and high frequencies. In the intermediate frequency regime, a power law region
appears with an increase in the number of beads, with an exponent not exactly identical
to the Rouse value. However, it is anticipated that the Rouse exponent in the intermediate
frequency regime would be attained for chains with greater number of beads. As observed
in the case of 1, the accuracy of the Dasbach et al.| (1992)) prediction is seen to improve
with an increase in the number of beads. Notably, for the two-bead case, the GA
prediction for 1" is closer to the BD results at low frequencies, but a slight deviation
is observed at values of the scaled frequency, 5* > 2.

In Fig. (b), " is normalized by its corresponding value for a Rouse chain and
plotted as a function of frequency. At the coarsest level of discretization (N, = 2), there

is a striking, qualitative difference between the Dasbach et al. (1992) approximation
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and exact BD simulation results, in that the former predicts a frequency-independent
response, while the latter exhibits a frequency-dependent variation which is also seen in
models with higher number of beads. The GA prediction, however, captures the frequency
dependence at the N, = 2 level, but is unable to account for the slight increase observed
at 8 > 2, and underestimates the magnitude of the high-frequency plateau. Furthermore,
the low-frequency plateau for all the three values of the chain lengths (V) simulated is
seen to approach unity, which is also the value predicted by the |Dasbach et al. (1992)
approximation in the long-chain (&, = 100) limit. Additionally, the onset of decrease in
1"’/ ()R is pushed to higher frequencies as the number of beads in the chain is increased.

In Figures and , the effect of the internal friction parameter on material
functions in oscillatory shear flow is examined for a five-bead chain. The exact BD
simulation results, indicated by symbols, are compared against the the approximate
prediction given by Dasbach et al. (1992), shown as lines.

As seen from Fig. (a), the height of the high-frequency plateau in the dynamic
viscosity varies directly with the magnitude of the internal friction parameter. The low
frequency, or long wavelength, response of the chain is unaffected by a variation in the
internal friction parameter. In Fig. (b), the dynamic viscosity normalized by its
corresponding value for a Rouse chain and plotted as a function of the scaled frequency.
This quantity is seen to increase as the square of the frequency, for the same reasons
elaborated in connection with Fig. (b).

In Fig. (c), the imaginary component of the complex viscosity is scaled by the
Rouse viscosity and plotted as a function of frequency. The effect of the variation in the
internal friction parameter is almost negligible in the low frequency regime and is weak
in the high frequency regime.

The difference between the approximate model predictions and the exact BD
simulation results are most starkly visible in Fig. (d), where the imaginary component
of the complex viscosity is scaled by its corresponding value for a Rouse chain and plotted
as a function of the scaled frequency. Firstly, the approximate model predicts a low-
frequency plateau that is dependent on the internal friction parameter. The simulation
results, however, appear to converge on a low-frequency plateau value that is almost
independent of the IV parameter. Secondly, the difference between the two predictions is
seen to increase with the internal friction parameter.

In addition to the assumptions made in connection with the calculation of the
stress jump, the Dasbach et al. (1992) approximation also relies on a normal-coordinate
transformation, using the eigenvectors of the Rouse matrix, which allows the writing of a

separate diffusion equation for each of the normal modes, and the subsequent evaluation of
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Figure 5.9: Plots of the real (r7") component of the complex viscosity, as a function of the
scaled frequency, for a five-bead chain at three different values for the number of beads
in the chain, scaled by (a) the Rouse viscosity and (b) the real component of the complex
viscosity of a Rouse chain. The lines are approximate solutions given in [Dasbach ef al.|
(1992). Error bars are smaller than symbol size.
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Figure 5.10: Plots of the imaginary component (r7”’) of the complex viscosity, as a function
of the scaled frequency, for a five-bead chain at three different values for the number of
beads in the chain, scaled by (a) the Rouse viscosity and (b) the imaginary component
of the complex viscosity of a Rouse chain. The lines are approximate solutions given in
Dasbach et al. (1992). Error bars are smaller than symbol size.
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the material functions. Based on the comparison of this approximation against exact BD
simulations and the GA prediction, it appears that this route for coordinate transformation
is justified for longer chains, but might not be prudent for the two-bead case. Furthermore,
as explained in detail by Schieber and coworkers Hua et al. (1996), the evaluation of the
stress tensor in the Dasbach et al. (1992) approach relies on approximating an average
of the ratio, <QQ/ Q2> , by the ratio of averages, (QQ) / <Q2>. This could be another
probable source of discrepancy between the approximation and the exact BD simulation
results observed in Figs.[5.7]-

A major motivation for the inclusion of internal friction in early theoretical models
for polymeric solutions (Peterlin, |1967; |Peterlin and Reinhold,|1967;|Bazia and Williams,
1974) was to explain the high-frequency limiting value of the dynamic viscosity, (v —
o) = n.,, observed in experiments (Lamb and Matheson, |1964; |Philippoff, |1964; Massa
et al., [1971). An improvement to the Rouse/Zimm models was sought since they
predict that the dynamic viscosity vanishes in the limit of high frequency, in contrast
with experimental observations which in most instances indicate a positive limiting
value (Lamb and Matheson, |1964; Philippoft, 1964} Massa et al., |1971). Models with
internal friction, however, are able to successfully predict this plateau. There do exist
systems, however, where the limiting value of the dynamic viscosity in the high frequency
limit is negative (Morris et al.,|1988). A detailed experimental investigation of the solvent
molecule and polymer segment relaxation dynamics in such systems has been conducted
by Lodge and coworkers (Morris et al., |1988; Lodge, |1993). They conclude that such
negative values of 7/, cannot be explained within the existing polymer kinetic theory
framework. Suggested modifications to the framework comprise the inclusion of an
additional term in the stress tensor expression that accounts for coupling effects between
the polymer molecules and the solvent (Bird, |1989). It is not clear what factors determine
when internal friction may be invoked to explain high frequency oscillatory shear data,
and when additional physics needs to be considered. This is an important question that
awaits theoretical and experimental investigation, but is beyond the scope of the present
work.

An alternative explanation offered by Lodge and coworkers (Lodge, |1993)) for the
n., > 0 observed, for example, in a dilute solution of polystyrene in Aroclor is that the
polymer molecules, possessing a lower glass transition temperature (7,) than the solvent,
retard the rotational mobility of the solvent molecules and increase the viscosity of the
solution, thereby resulting in a positive value for 1.,. The opposite effect is observed
in the case of polyisoprene in Arocolor, wherein the polymer molecules accelerate the

solvent mobility, resulting in 7, < 0.
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Figure 5.11: Steady-shear viscometric functions for bead-spring-dashpot chains with

varying number of beads in the chain and values of the internal friction parameter. The

horizontal lines in the figures indicate the material functions for a Rouse chain.
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5.3.3 Steady-shear viscometric functions

In Fig. the steady-shear values of the material functions are scaled by the
corresponding values for a Rouse chain and plotted as a function of the characteristic
shear rate. Schieber| (1993) has shown, using the Gaussian approximation for dumbbells,
that the zero-shear rate viscometric functions are unaffected by internal viscosity. The
simulation data is found to concur with this prediction for all the three material functions.
It is found that ¥, is practically zero across the range of shear rates examined for all the
cases.

As observed from Figs. (a) and (b), there is a striking similarity in the steady-
shear variation of viscosity between Rouse chains with internal viscosity, and Rouse
chains with hydrodynamic interactions (Zylka, 1991} |Prabhakar and Prakash, [2006), in
that there is shear-thinning followed by shear-thickening. For bead-spring-dashpot chains
with a fixed number of beads, it is observed that the characteristic shear rate at which the
minimum in the viscosity occurs is largely unaffected by the internal friction parameter.
At shear rates larger than this critical value, the viscosity is found to increase with an
increase in the IV parameter. For Rouse chains with hydrodynamic interactions, not only
is the zero-shear-rate viscosity different from the free-draining case, the shear-dependence
of viscosity is markedly dependent on the number of beads in the chain (Zylka, 1991):
for N, < 6, the Rouse viscosity is lower than the Zimm viscosity, and at large shear
rates, where the effect of HI weakens, the viscosity values tend towards the Rouse value,
and a shear-thinning is observed, following the Newtonian plateau at low shear rates.
For N, > 6, however, the Rouse viscosity is greater than the Zimm viscosity, and at
higher shear rates, the weakening of hydrodynamic interactions result in an upturn in
the viscosity, causing it to approach the Rouse limit. An analogous explanation for the
shear-thickening observed in Rouse chains with internal friction does not seem possible,
since not only does the internal friction parameter result in a pronounced increase in shear
thickening at high shear rates, but the viscosity is also seen to exceed the Rouse value,
clearly ruling out any weakening of the internal friction effects at high shear rates.

As seen from Figs. (c), the onset of shear-thinning in the first normal stress
coeflicient is pushed to higher shear rates, and the extent of shear-thinning reduced, with
an increase in the number of beads at a fixed value of the internal friction parameter. For
an internal friction parameter value of ¢ = 1.0, and the range of shear rates examined in
the present work, there doesn’t appear to be a shear-thickening in the first normal stress
coefficient. BD simulations for Hookean dumbbells with internal friction by Hua and

Schieber| (1995) show a similar plateauing in the first normal stress coeflicient, as seen
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in the present work. There appears to be a suggestion, but no clear evidence of shear-
thickening of ¥y, in their work(Hua and Schieber, [1995).

It is anticipated that a shear-thickening in ¥; would be observed at higher values
of the internal friction parameter, as evidenced by Fig. (d), where the effect of the
internal friction parameter on the first normal stress coefficient is examined for a five-
bead chain. At lower values of ¢, there is no pronounced shear-thickening in ¥y, but a
value of ¢ = 3.0 results in the onset of a pronounced shear-thickening at A,y ~ 100.0.
Furthermore, this critical shear rate for the onset of shear-thickening in ¥, is about an
order-of-magnitude larger than that in the case of viscosity.

It appears plausible that the shear-thickening in the viscosity and the first normal
stress coefficient involves an interplay of internal friction and the number of beads in the
chain.

A prevalent notion in the literature (Manke and Williams, [1986, 1989, (1991, 1993)
is that the ¢ — oo corresponds to the rigid-rod limit. This is supported by the
following observation. The stress jump for rigid dumbbells with a Gaussian distribution
of lengths is given by Hua et al. (1996) Djumprigic = 0.4 npkpT Ay; while the stress jump
for Hookean dumbbells with IV has the following form given by Manke and Williams
(1988), Mjumpiv = 0.4[2¢/(1 + 2¢)| nykgT Ay. Clearly, taking the ¢ — oo limit for
Hookean spring-dashpots gives the rigid-rod result. The similarity between the two
models, however, ceases here, and their steady-shear viscometric functions look markedly
different: while bead-rod-chains are known to display a plateau in viscosity at high shear-
rates (Petera and Muthukumar, 1999), preceded by a shear-thinning regime, there is a
pronounced increase in shear-thickening as ¢ is increased for flexible chains with internal
friction. Furthermore, while the first normal stress coefficient for bead-rod chains shear-
thins continuously (Petera and Muthukumar, [1999), chains with IV exhibit a slight shear-
thickening at high shear rates, as discussed previously.

A detailed comparison of the rheological properties of FENE dumbbells with IV and
rigid dumbbells is given in Chapter 4| where it is concluded that a combination of finite
extensibility and a high value of the internal friction parameter (¢ > 5) is required to

qualitatively mimic the steady-shear rheological response of rigid-rod models.

5.4 Conclusions

The exact set of stochastic differential equations, and a thermodynamically consistent
stress tensor expression for a Rouse chain with fluctuating internal friction has been

derived. The BD simulation algorithm for the solution of these equations has been
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validated by comparison against approximate predictions available in the literature for
the stress jump, and material functions in oscillatory and steady simple shear flows have
been calculated. Semi-analytical predictions (Dasbach et al., [1992) for the dynamic
viscosity are in near-quantitative agreement with the exact simulation results, with the
accuracy improving with an increase in the number of beads in the chain. The difference
between the predictions and the simulation results are more pronounced for the case of
the imaginary component of the complex viscosity. The approximation by |Dasbach et al.
(1992) fails to capture the frequency dependence of r”” for the dumbbell case observed in
exact BD simulations and predicted by the Gaussian approximation (Schieber, 1993).

The approach developed by Williams and coworkers (Manke and Williams,
1988}, [Dasbach ef al., |1992), however, is valid only in the linear viscoelastic regime,
and cannot be used to obtain steady-shear viscometric predictions. The Gaussian
approximation (Schieber, |1993) solution is only available for Hookean dumbbells with
internal friction, and is unable to predict the shear-thickening in viscosity observed in
exact Brownian dynamics simulations.

Bead-spring-dashpot chains exhibit a non-monotonous variation in the viscosity
with respect to the shear rate, with shear-thinning followed by shear-thickening. At a
fixed value of the internal friction parameter, the shear-thickening effect is seen to weaken
with an increase in the number of beads in the chain. Increasing the internal friction
parameter at a fixed value of the number of beads in the chain leads to an increase in
shear-thickening. The inclusion of internal friction results in a slight shear-thickening of
the first normal stress coeflicient, with the onset of thickening pushed to lower shear rates
with an in increase in the internal friction parameter. The results of the present chapter
have been written up as a manuscript, and is available in [Kailasham et al. (2021b).

The importance of hydrodynamic interactions in describing the dynamics of dilute
polymer solutions is well-documented (Prabhakar and Prakash, 2002; Sunthar and
Prakash, 2005; [Larson, 2005; Schroeder, [2018; |Prakash, 2019), with Chapters [3| and
and describing particularly the consequences of including HI in models with internal
viscosity. However HI has not been considered in the present chapter, because its
inclusion introduces an explicit coupling between all bead-pairs, and the procedure
developed here is not applicable for the decoupling of the connector vector velocities.
The solution of bead-spring-dashpot chains with hydrodynamic and excluded volume
interactions is a subject for future study.

In the next chapter, the importance of fluctuations in the treatment of internal friction

is examined, by comparing data obtained obtained from simulating the exact stochastic
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differential equations derived in the present chapter, against the analytical predictions of

a preaveraged internal friction model.



Chapter 6

How important are fluctuations in the
treatment of internal friction in

polymers?

6.1 Introduction

The most widely used theoretical framework for the interpretation of internal friction
effects (Soranno et al., 2012; |Schulz et al., [2012; |/ Ameseder et al., 2018 |Soranno et al.,
2018)) is the Rouse model with internal friction (Khatri and McLeish, 2007) (RIF) and its
variants (Cheng ef al., 2013; Samanta et al.,|2014; Samanta and Chakrabarti, 2016), which
modify the standard continuum Rouse model to include an additional frictional force that
resists changes in the curvature of the space-curve representing the polymer molecule.
While these models remain preferred due to their analytical tractability, their accuracy,
from a theoretical standpoint, has so far been unquestioned. We first show that the RIF
model represents an approximation that ignores fluctuations in the internal friction force
and is rather a preaveraged treatment. As discussed in Chapter |5, we have developed an
exact numerical solution to the Rouse model with fluctuating internal friction, and used
it to estimate linear-viscoelastic and steady-shear viscometric functions using Brownian
dynamics (BD) simulations. In this chapter, the exact model is used to test the accuracy
of the RIF model, by comparing their predictions for quantities both at and away from
equilibrium.

The effect of internal friction on the dynamics of protein reconfiguration is
commonly quantified experimentally by tagging the molecule with fluorescent donor-
acceptor pairs along their contour length, and extracting a characteristic reconfiguration

time from the autocorrelation of the fluorescence signal (Soranno et al., 2017, 2018).
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Analytical and simulation estimates of the reconfiguration time are based on the
autocorrelation of the vector that connects the tagged monomers along the chain (Cheng
et al., 2013 [Samanta et al., 2014} [Samanta and Chakrabarti, 2016). We examine this
property, which represents an equilibrium situation, where the molecule is suspended in a
quiescent fluid. In order to examine the importance of fluctuations away from equilibrium,
a polymer molecule subjected to simple shear flow is considered as a prototypical out-of-
equilibrium process. Several biological processes, such as ciliary and flagellar oscillations
in microorganisms (Poirier and Marko, 2002; Mondal et al., 2020; Nandagiri et al.,|2020),
are driven by the hydrolysis of ATP molecules, and the contribution from internal friction
in these far-from-equilibrium processes is seen to outweigh hydrodynamic drag by nearly
an order of magnitude. Protein molecules such as hormones and antibodies are commonly
subjected to shear flow during various stages of bioprocessing (Bekard et al.,[2011). The
conformational dynamics of these molecules in flow directly affects their structure and
function, which further adds relevance to the study of the dynamic response of polymers
to shear flow.

We find that the equilibrium predictions made by the preaveraged model and the
one with fluctuations differ at small separations between the tagged monomers along
the polymer backbone, with the difference diminishing with an increase in the inter-tag
separation. However, in the presence of shear flow, the two model predictions differ
starkly and qualitatively: the preaveraged model predicts values for the chain extension
and viscosity that are identical to the standard Rouse model, with the internal friction
parameter only affecting the transient phase that precedes the attainment of steady state.
Contrarily, as seen from Chapter [5, exact BD simulations which account for fluctuations
in IV establish that both the transients and the steady-state values are modified by internal
friction.

The rest of this chapter is organized as follows. In Section the discrete version
of the RIF model is presented and solved using normal-mode analysis. The derivation
of the governing set of stochastic differential equations for a bead-spring-dashpot chain
with preaveraged internal friction is presented in Sec. Results on the effect of
fluctuations at equilibrium [Sec. and in flow [Sec. are presented next, followed
by concluding remarks in Sec. The application of the normal mode analysis for
obtaining an analytical expression for the mean-squared end-to-end distance of coarse-
grained models in shear flow, and the detailed steps for the derivation of the appropriate
stress tensor expression for chains with preaveraged internal friction have been presented
in Appendix
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6.2 Solution of discrete RIF model

The standard RIF model is in the continuous chain limit, but it is convenient to work with
a discrete model for ease of comparison with simulations. The solution of the discrete
model is presented below, following which it will be established that it is identical to
the continuous chain RIF model as the number of beads, N, > 1. In the discrete RIF
model, the beads, each of radius a and suspended in a solvent of viscosity 7, are located
at positions {ry, ry,--- ,ry,}, and connected by Hookean springs of stiffness H in parallel
with dashpots that have a damping coefficient (K/3). The factor of 3 is explained below.
The dashpots provide a resistive force that is proportional to the relative velocity between
adjacent beads, and the force due to internal friction on a bead u not at the chain ends is
given by (Khatri and McLeish, 2007)

FOVRE = (K/3) (Fuar — Fu) = (K/3) (P = Fumi)

(6.1)
= (K/3) [fu1 = 27 = et

where 7, = dr,/dt. The overdamped Langevin equation for the time evolution of r,, is
given as (Khatri and McLeish, 2007)

dr, (H K d

— 3 dt) Z AR, + k- 1y + E,(0) (6.2)

where { = 6nmn,a is the bead friction coefficient, A,(}? are elements of the Rouse
matrix (Bird et al.,|{1987b)) defined as

1 -1 0
-1 2 -1 0 - 0
0O -1 2 -1 ---
AR = (6.3)
-1 2 -1
0O --- 0 -1 1

and « represents the flow-field, which is 0 in the absence of flow, and takes the form given
by Eq. of Chapter[2|for simple shear flow. The internal friction parameter, ¢ = K/,
is taken to be the ratio of the damping coefficient of the dashpot to the bead friction
coefficient. The moments of the noise term, & B (1), are not specified in real space, but rather
in normal-mode space. Essentially, Eq. is solved by first using the eigenvectors of
the Rouse matrix for projecting the bead positions into normal-mode space, followed by
the assumption that the noise term in normal mode space is white, so as to satisfy the

requirements of equipartition. This treatment results in a solution which is similar to the
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standard Rouse model, with a renormalization of the mode relaxation times. The detailed
steps are given below. The elements of the orthogonal matrix € which project the bead-

positions into normal-mode space are given by (Verdier, |1966; Kopf et al.,|1997)

12
Q= (2 ;vfno) cos [( - %) ;—:] (6.4)

where u = 1,2,3,...Ny,and n = 0, 1,2, ...(Ny, — 1). The columns of € are eigenvectors of

A®_ which means

D Q= S
;

Z Q/van = 6/JV (6.5)

D A Qun = @i
PR

where a,, refers to the eigenvalues of A®, given by

ay = 4sin? (;1—];1) D om=0,1,2, . (N — 1) (6.6)
We additionally define 6 = (K/3{) = ¢/3 for notational convenience. It is desired to
first calculate the autocorrelation of the interbead connector vector, R,, = r, — r,, at
equilibrium. Setting k = 0 in Eq. and transforming to normal co-ordinates, X;

(Verdier, |1966; Kopf et al., 1997) using X ; = 3, Q,;r,, the governing equation becomes
dX, H

P
— =——X,+9, 6.7
dt gp p gp( ) ( )
where the moments of the noise vector, g,,(7), are given as follows
, 2kgT ., ,
(97) =0: (g5(0g;")) = ==6,40" 6t 1) (6.8)
P

with H, = Ha,, and {, = 4“(1 + Qap). The indices @ and S in Eq. lmi run from 1 to
d, where d denotes the dimensionality of the system. For the rest of this appendix, we
shall concern ourselves with the d = 3 case. Eq. represents the equation of motion
of a Brownian harmonic oscillator moving in a potential of stiffness H, and experiencing
a friction coefficient {,. For such an oscillator, it is known that (Verdier, |1966; Doi and
Edwards, 1986} Kopf et al.,|1997)

3kyT
HP

(X,(0)- X,(0) = Spge ™ (6.9)

where
T, ={,/H, = ({/4H) sin~? (pr/2Ny) + (K/3H) (6.10)
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The expressions for the bead position vectors in terms of the normal coordinates is given

Np—1
r, = Z QX0 (6.11)
J=0

and the vector joining beads u and v is written as

1 I
R0) = 10 = 1,(0) = [+ Z{cos [(V - 5) ?v_ﬂ — cos [( - 5) ;—:]}Xq(t) (6.12)

from which the expression for its autocorrelation may be written as

(Ru(0) - Roy(0) ( )szllv')z{cos[(y__)ﬁb]_cos[( _%)4_]}

g=1 p=1

e 5 L

(6.13)

as

The choice of the noise term in normal mode space [Eq. (6.8)] ensures that the mean-
squared value of the segmental vector R,,, at equilibrium is given by <wa>eq = <Rﬁv(0)> =
3lv — u| (kgT/H). Using Egs. and (6.13), the normalized autocorrelation for the

discrete RIF model may be written as follows
R,,(0) - R, (1) 2 = 1 1 ?
oy ol | S el 2 ] ll-2) )
(R2,0)) No(Ny =D ]| & 2) Ny 2] N

e
ap

For the special case of the end-to-end vector, Rg(f) = Ry, (f), the normalized

autocorrelation is given by

(Re(0) - Re(1)) _ 8 N 2| P 1 —t/7,
(RO) [Nb(Nb— 1)] [;d“’s (TNb)(;)e ] (6.15)

Using Eq. (6.10), we may write

e - v | M Frrw e [V [ M Ve
o & (¢(1+6a,)) \4HA(1+6a,)) \4)\1+6a,]\0u] \1+6a,) 4

(6.16)

1+ Ba, ap t
(1+eap)(a)(z)’ (©17)

and

t
Tp
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The expression for the normalized dimensionless autocorrelation of the interbead

connector vector is then

CEORAD) | ]{[(l)p_][( l)p_]}
(R2(0)) [ Noly —ul] & 2) N, 2) N,

p:
« 1 a, t
a, p 1+6a,) 4

and the dimensionless, normalized autocorrelation of the end-to-end vector may therefore

be rewritten as

(R5(0) - Ry(1)) 8 NN L pr\[ 1 a, \¢
(RZO) =l e () ) ()5 o

p:odd

In terms of ¢/7y, the autocorrelation is given to be
R;(0) - R5(1 LS 1 1
(RL(O) - Ry(t/70) _ [ 8 } 3 Cosz(ﬂ)(_)exp H + 901)("_11)(1)}
<R*E2(())> Ny (Np = 1) et 2Ny ) \a, 1+6a,)\aJ\1
(6.20)

The normalized autocorrelation for the continuum model is as follows (Khatri and
McLeish, 2007; |Doi and Edwards, [1986)

(Re0) - R:(0) _ (%) D (iz)exp [_;], 621)

<R*E2 (0)> p:odd p TP
where
7, = (N2¢/p*n*H) + (K/3H), 6.22)

and the dimensionless mean-squared end-to-end distance at equilibrium is given by

as

<REZ(0)> = <RE2>eq = 3N,. The above expression may be rewritten in terms of ¢/7;
R;(0) - Ri(t 8\ v (1 No/7)* +6 t

(RO RiG/) (_2) 3 (_z)exp {_ pg[ (/" + 0 (:)} 623
<RE (O)> ) fsa\P (No/m)? + p*6 [\ T

From Egs. (6.10) and (6.22)), and recognizing that sin(x) ~ x as x — 0, it is observed that
T, = Tpas N, — oo.

The infinite summation in Eq. (6.23) runs over all positive odd integers. We define
a related quantity S (Ny, Ny, t/71), as
t
(:)} (6.24)
T

2N~
- 1 (Ny/7)* + 6
S (No, Ny t/T) = > (?)exp {—p2 [b—
In Fig. the variation of § as function of the number of terms included in the

p 35 (No/7)* + p*0

summation, N, for two different chain lengths, at two values of the dimensionless time
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Figure 6.1: Plot of number of terms required for convergence of summation indicated by
Eq. (6.24) for two different chain lengths, for models without [(a)] and with [(b)] internal

friction, at different values of the scaled time.
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(b)

Figure 6.2: Comparison of the normalized autocorrelation expressions for the discrete
[dashed line, Eq. (6.20)] and continuum [solid line, Eq. (6.23)) ] RIF models, for various
chain lengths, for models without [(a)] and with [(b)] internal friction. Note that s = t/7;

for the discrete model and s = ¢/7; for the continuum model.
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and the internal friction parameter are displayed. In Fig. (a), the case without internal
friction is presented, and it is clearly seen that the summation requires fewer than ten
terms for convergence at both early and later values of time. The summation at later times
converges more quickly than the convergence at earlier times, for both two-bead and ten-
bead chains. In Fig. (b), the case with internal friction is presented. It is seen that
nearly two hundred terms are required for the convergence of the sum for the two-bead
chain at early times, and the corresponding number for the ten-bead chain at the same
value of scaled time is marginally lower. As seen in (a), the summation at later times
require fewer terms for convergence as compared to early times. We henceforth use two
hundred terms in the numerical calculation of the infinite sum indicated in Eq. (6.23).

In Fig. it is seen that the normalized autocorrelation for the discrete model
approaches the continuum result as the chain length is increased, for cases with and
without internal friction. The difference is larger at early times, and lesser at later times,
for all the values of chain length examined in the figure. In this figure, the normalized
autocorrelation for the discrete chain is plotted as a function of time scaled by the longest
relaxation time of the discrete chain [#/7;], whereas the autocorrelation for the continuum
model is plotted as a function of #/7;. The variable s is used to refer to the scaled
time, and its exact definition is context-dependent. For the case without internal friction
[Fig. (a)], it is clearly seen that the difference between the discrete and continuum
result decreases with an increase in the chain length. However, for the case with internal
friction [Fig. (b)], the difference appears to be non-monotonic in the chain length.

Fig.[6.3|examines the variation of the difference between the discrete and continuum
result as a function of chain length, at three different instances of the scaled time s, for
different values of the internal friction parameter. Note that the difference between the
two models is taken at the same value of s. The magnitude of the difference is seen
to be larger at shorter times, and smaller at later times, as previously seen in Fig.
for models with and without internal friction. However, the nature of the variation of
the difference with the chain length is significantly impacted by the presence of internal
friction. For cases without internal friction, the difference decreases monotonically with
the chain length. With the inclusion of internal friction, however, the difference hits a
peak before decreasing monotonically with the chain length. The height of the peak is
seen to be diminished at later times.

A solution for the continuum RIF chain subjected to shear flow is not available in
the literature. As detailed in Section [E.1 of Appendix [E| we have derived an expression

for the transient evolution of the dimensionless mean-squared end-to-end vector in shear
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Figure 6.3: The absolute value of the difference between the discrete and continuum
models at various instances of scaled time, plotted as a function of the chain length, for
varying values of the internal friction parameter. Here, fy represents the normalized
autocorrelation for the discrete model at the indicated value of s, and f.,n represents the

normalized autocorrelation for the continuum model at the same value of s.

flow scaled by its equilibrium value, <Rgz(t*)> / <Rg2)eq, for the discrete RIF model, as

<REZ(I*)> 8 N pr
(R?) i [Nb(Nb - 1)] 2, (a_p)COSZ(Z_%)
eq

p:odd

(6.25)
8 (Auy)? 3a, \t* 3a, \t*
X31l+ —=|1- - =1+ —
{ 3az P13 wa,) 2 3+¢a,) 2
where <Rgz>eq = 3 (N, — 1) is the mean-squared value for the end-to-end vector at

equilibrium. The steady state value is obtained by taking the limit #* — oo in Eq. (6.25)

to give

(R:) 8 1 (1) o(pr\[, . B

K7 :[Nb(Nb—l)]I;d(Z)COSZ(Tm){H @ } (6.26)
eq '

6.3 Bead-spring-dashpot chain with preaveraged
internal friction

We show next that a Rouse model with preaveraged internal friction, constructed using

the principles of polymer kinetic theory (Bird et al., [1987b; Ottinger, 1996) (PKT), is
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Figure 6.4: BD simulation results of the preaveraged internal friction model, for: (a)
Normalized autocorrelation of the end-to-end vector at equilibrium, and (b) transient
evolution of the mean-squared end-to-end vector in shear flow, obtained by numerically
integrating Eq. (6.49). The lines in (a) and (b) represent discrete RIF results given by
Eq. and Eq. (6.25), respectively. Error bars, which represent standard error of the

mean, are roughly of the same size or smaller than the symbols used.
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formally identical to the RIF model. A Hookean bead-spring-dashpot chain is considered,
similar to the RIF model, except the dashpot coeflicient is taken to be K. The total force

on a bead u (not at the chain ends) due to internal viscosity is given by (Prakash, |[1999)

0.0 0,0,
FOV) = K(”—;‘) g = iyl - K(%] My =l (6.27)
H H

where Q, = r,,1 — r, is the connector vector joining the u™ and the (u + 1)™ bead,
and [ --] represents an average over the distribution of velocities in the phase space.
The equilibrium configurational distribution function for the model is unaltered by
the presence of internal viscosity, and is simply given by the Gaussian distribution
function for a Rouse chain. The preaveraging approximation entails a replacement of the
underlined projection operators in Eq. by their average taken with respect to the
equilibrium distribution function, which may be evaluated to be (6/3) (Doi and Edwards,
1986)). The resultant internal friction force is then

reav. K ] J v
FLIV),p _ (g) [t — 20, — i ] (6.28)

which is identical to the RIF description of the same force as given by Eq. (6.1). Notably,
the use of the preaveraging approximation as a means to make flexible polymer models
with internal friction analytically tractable was also suggested by |[Fixman (1988) several
decades ago.

The equation of motion for the momentum-averaged velocity of the j™ connector

vector in a free-draining bead-spring-dashpot chain may be written as [Chapter 3]

. 1 oln¥Y o ;
101 =xQ;-7 ) A""(kBT 0, 6Q¢k ¥ KQQ%‘ 121)  (629)

k

where A j is the Rouse matrix as defined as in Eq. of Chapter [2|

Clearly, the equation for the j™ connector-vector velocity is coupled to that of its
nearest neighbors, which precludes not only the naive substitution of Eq. into
an equation of continuity in ¥, but also the derivation of the Fokker-Planck equation
and the governing set of stochastic differential equations for the system, for all but the
simplest case of a dumbbell (N = 1). This velocity coupling is removed using the three-
step iterative substitution methodology described in Chapter |5 to obtain the governing
set of exact stochastic differential equations for a Rouse chain with fluctuating internal
viscosity that are valid both at equilibrium and in the presence of a flow profile. The same
methodology is applied here to solve for the governing stochastic differential equations of

a Rouse chain with preaveraged internal viscosity.
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As detailed in the discussion surrounding Eq. (6.27) in Chapter [0} the preaveraging
approximation entails a replacement of the underlined term in Eq. (6.29) by its average
evaluated with respect to the equilibrium distribution function of a Rouse chain, which is

(6/3). Therefore, for a chain with preaveraged internal viscosity, Eq. (6.29) reduces to

1 ‘P K
kBTa n 8¢

a0, an ﬂQk]]) (6.30)

[[Qj]]:K'Qj ZA/k(
which may be simplified to give

sT 1 OlnY¥Y Oln¥Y O0ln¥
)( Q- ( )(1+29)[_6Qk_1+2<9gk ‘anH]

(1 ) 0 ¢
) (Z)(l + 29) [_an—l * Zan - 5Qk+1] * (1 + 29) [QJ =+ (1 + 20) [[Qf“]]
6.31)

[[Qf]]:(1+29

An ensuing simplicity of the preaveraging approximation is that Eq. may directly
be subjected to the iterative-substitution-based decoupling methodology, unlike the case
with fluctuations where the expression for C;, = @, - [Q,] /Q; must first be decoupled
before obtaining the desired expression for [Q,].

Firstly, in the forward substitution step, the expression for [Q ;1 is substituted into
that for [Q 1], iteratively, starting from j = 1 until j = (N — 1). This results in the

following general expression,

- MY Q. = ( ) [0y, 1 + ( )Z F(k) (k- Q)

kT\[ 1 \[dIn¥ 1\ 1 36
+(- 6kN)( 4 )(1 + 29) (anH) (=00 (Z)(l + 29) (ann) (0:32)

() ) Gl 2 ()

where the explicit dependence of [Q,] on [@, ,] has been removed and the following

definitions apply

0 \ 1
M, = - with M, = 6.33
k (1+29) (1—Mk_1)’w1 1=0 (6.33)

® 0\ (]
i e 6.34
! (1+29) U(l—M,-) (6.34)

k) _ ~1k) (k) (k)
EW =orP % 1%

(6.35)
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Next, in the backward substitution step, the expression for [Q ;1 s substituted into
that for [Q 111, iteratively, starting from j = N until j = 2. This results in the following

general expression,

A 1\, 1\
[[Q"]]_(1+29)(1—Pk)[[Qk‘l]]+(1+29)Zpl (k- Q)

=k

i e ([ A e [ oy B

(= ) - Ble= s ()

1=k 1=k

~

where the explicit dependence of [Q,] on [@,,,] has been removed and the following

definitions apply

6
1+20

0 0 -k l 1
= — 6.38
Pi (1+29) D(l—Pi) (6.38)

o1
P = ; with Py =0. 6.37
k ( )(I—Pk+1)’WI v =0 (6.37)

The quantity 551‘) appearing in Eq. (6.36)) is constructed using a slightly elaborate
procedure. It is useful to first consider the Rouse matrix, A [defined as in Eq. (2.3)], of
size T X T, where T = (N — k) + 1, and the intermediate quantity,

(el [T (7
s \1+20 1-P;

i=k

(6.39)

. . (9] . .
which is then used to populate a matrix, @ , of size I X Y that has the following structure

7O 7O o
T 7O
—(k) — — —_
=0 T 7P T .. (6.40)
vk oy
0 0 - ro 7

We next consider the matrix Z® constructed from A [see Eq. ] and 6(k), such
that Z®W = A - @(k). Now, c?jffgm is defined as the (m + 1)™® diagonal element of Z® . As the
final step of the decoupling procedure, a change of variable, k — (k + 1), is performed
in Eq. (6.36), and the resulting expression is substituted into the equation derived from
the forward substitution step [Eq. ]. The decoupled expression for [Q,] is finally
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obtained as

1041 - (1 jze)iAkl(K'Q’)_(é)(l :29)2Jk1(%)

=1

)% )

=1

In defining Eqs. (6.34), (6.38), and (6.39), we have adopted the convention 0° = 1, i.e.,

when 6 = 0, F,(Ck) = Z){kk) = 7{") = 1. The matrix elements, Ay;, and Jy,;, each of size N X N,

(6.41)

are defined as

1 - 1 _
Ag=|—— Ay Jy=|—m |7 6.42
kl (I—Mk—Pk) kl kil (1_Mk_Pk) kl ( )
with
o 1<k
Ay=1{ 1 I=k (6.43)
0 \=s1).
(1+29)’O’+ > >k
and
EV; 1<k
1 0
EY—(1-¢ ( ); =k
N Y 1— P \1+260
Tu = . (6.44)
T [ e
6 ~(k+1)
(1+29)G1 ; P> 0D

The procedure for the construction of 551”1) which appears in Eq. is fairly
similar to that described in Eq. (6.40) for the construction of ng), with the only caveat
that the size of the block matrices, A and the @(k+1), remain V' XY, where T = (N —k)+ 1.

Another point of difference between the preaveraged IV model and the fluctuating
IV one is that for the former, the quantities {M,, Py, I“Ek), E;k),ﬁgk), ng), Egk), Ay, Jiy} are
functions only of the internal friction parameter 6, and not dependent on the chain
configuration or the flow strength. In the fluctuating IV model, however, these quantities
are functions of both the internal friction parameter, and the chain configuration.

As the next step, the expression for [Q,] will be substituted into the equation

of continuity, recognizing that the homogeneous flow profile allows one to write the
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continuity equation solely in terms of the relative coordinates, Q,. This means that
the distribution function ¥ (r., Q,, Q,, ...Qy) can be replaced by ¥ (Q,, Q,, ...Qy), and we

have

Zagk 10,1}
N 8 1 N
:_;agk'{(uze);A“ (k- Q)

(6.45)

where J; = Ji0, and Ay = Ayé. Since Jy,; is composed entirely of constant coefficients
that are independent of the stochastic variables Q,, it is divergence-free, and the noise

term may be rewritten, giving the following Fokker-Planck equation

e
+(k§T)(1 +20)ji 30, an

k=1 I=1

Tyl

where we have implicitly used the fact that J! 0= = Ju6" = Ju, and note that J; = Jy, and
Ay = Ag. Noting that F ;")) = (0¢/0Q,) = HQ, for Hookean springs, the stochastic

differential equation may be written, using the Ito interpretation (Ottinger, 1996) of

Eq. (6.46)), as
1 \[v 2kB
dQ, = ( —3 0) [IZ‘ Au(k-Q) - ( )Z Jk,Ql] 0130 Z BydW, (6.47)

where dW, is three-dimensional Wiener process, and

N
Z BB = Ju (6.48)

The dimensionless form of Eq. (6.47) is presented as

NS o (VS ol S
ko = (m) [; Ay (K : Ql) - (Z) ; Jlel ]dt + m ; By dW[, (649)

which is integrated numerically using the simple Euler discretization (Ottinger, [1996)
method, with a time-step width of At* = 1073, Averages are evaluated over an ensemble

of O(10°) trajectories.
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In Fig. simulation results at equilibrium and in shear flow, obtained by
numerically integrating the stochastic differential equation for the preaveraged IV model
using BD simulations (shown as symbols) have been compared against discrete RIF
predictions (indicated by lines), for several parameter values. The excellent agreement
between the two model predictions establishes their equivalence. Furthermore, the
preaveraged treatment predicts that internal friction only affects the time-evolution of
the mean-squared end-to-end vector in shear flow, but not its steady-state value which is

identical to the standard Rouse model prediction.

6.4 Effect of fluctuations at equilibrium

As the next step, the accuracy of the preaveraging approximation is compared against the
exact numerical solution [see Chapter 5] we have derived recently, in which the original
non-preaveraged form of the internal friction force given by Eq. is used. BD
simulations of the Rouse model with fluctuating internal friction were performed with
a time-step width of At* = 1073, Averages are evaluated over an ensemble of ~ 10* — 10°
trajectories.

In Fig. |6_5‘, the normalized autocorrelation of R,, = r; — r, in a chain with N,
beads predicted by the discrete RIF model (indicated by lines) is compared against exact
BD simulation results of a model with fluctuating internal friction (shown as symbols).
The notation {u, v, Ny} uniquely identifies the vector originating at the bead index u and
terminating at v in a chain of N, beads. The parameter space specified by {u, v, Ny}
may broadly be classified into three topological classes (Des Cloizeaux, [1980; Toan
et al., 2008; Samanta et al., 2014; Kumari et al., 2021}, and these categories have been
considered in Fig. (a)-(c). In Fig. (a), the end-to-end case is considered, where
u and v are taken to be the terminal beads in a chain. Fig. (b) represents the end-
to-interior topology class, where v is taken to be a terminal bead, and u is chosen from
the interior set of beads, while Fig. (c) represents the interior-to-interior case wherein
both u and v are taken to be interior beads. In all the three cases, the difference between
the fluctuating IV model and the preaveraged one is seen to diminish with an increase in
v — U, i.e., the number of beads between the u and v positions. A similar qualitative trend
was observed for other values of ¢, and consequently, ¢ = 3.0, has been used for all the
cases considered in Fig. In Fig. (d), the root-mean-squared difference (RMSD,
A) between the two model results are plotted against the bead number y, at two different
values of the interbead separation, v — u. It is observed that the RMSD decreases with an

increase in the interbead separation, and is fairly insensitive to the specific choice of the
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Figure 6.5: Normalized autocorrelation of R* , the vector connecting the u™ and v bead
cases. The notation {u, v, N,} is used to completely specify the vector originating at the
bead index u and terminating at v in a chain with N, beads. Lines represent preaveraged
model results, given by Eq. (6.18). Symbols are BD simulation results on the Rouse model
with fluctuating internal friction. An internal friction parameter of ¢ = 3.0 has been used
for all the cases. Subfigure (d) represents the root-mean-squared difference between the

two model results for various values of the interbead separation v — u, quantified as A =

(BD/analytical)

i

1 Npoi i . : :
i [ ®BD) _ ynbviead refers to the simulation/analytical

i
N points

result at the i datapoint, with Npoins the number of time-instances at which the simulation

2
] , where y

results have been obtained.
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bead number . This implies that the end-to-interior, and the interior-to-interior topology
classes may be considered equivalent with regards to the measured deviation between the
preaveraged and fluctuating IV results.

There are two implications to the trend observed in Fig. firstly, the preaveraged
model is sufficiently accurate for characterizing the bead connector vector correlations
of longer segments, as compared to local correlations corresponding to shorter chain
segments, and secondly, the preaveraged model may satisfactorily be used for end-to-end
vector reconfiguration time calculations provided that a sufficiently fine enough level of
discretization (i.e., large enough N,) is chosen. Note, however, that the choice of N, is not
arbitrary, and its largest permitted value is the number of Kuhn segments in the underlying
polymer molecule. For example, the preaveraged IV model (Samanta and Chakrabarti,
2016} Soranno et al., 2017, 2018) has been used for studying internal friction effects in
the sixty-seven amino-acid residue cold shock protein at various concentrations of the
denaturant, guanindinium chloride (GdmCl). The protein has a Kuhn segment length of
about five residues at 6M GdmCl, which implies that the number of Kuhn segments in the
molecule, and consequently the finest level of discretization, N, is (67/5) ~ 13. From
Fig. it would appear that at such values of N,, the use of the preaveraged IV model
for the calculation of the reconfiguration time would be justified for an internal friction
parameter of ¢ = 3.0. The discrepancy between the two model predictions, however, is
expected to increase with the internal friction parameter. Furthermore, internal friction
has also been observed in a synthetic tryptophan cage molecule (Q1u ez al.,2002; |Qiu and
Hagen, [2004a) with twenty-residues, whose Kuhn segment length has not been reported,
and it would appear that fluctuations in internal friction should be included for modeling

such small molecules, given the constraint on the level of discretization.

6.5 Effect of fluctuations in shear flow

In Fig. the normalized, steady-state mean-squared end-to-end distance of a chain in
simple shear flow is plotted as a function of the dimensionless shear rate. The lines,
which represent the preaveraged model results, coincide with the simple Rouse model
predictions implying that the steady-shear values are unaffected by the internal friction
parameter, as also evident from Fig. (b). The model with fluctuating internal friction,
however, predicts that the extension in shear-flow is a function of the internal friction
parameter.

There exist no prior studies of the viscometric functions predicted by the Rouse

model with preaveraged internal friction. We have derived an expression for the stress
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Figure 6.6: Normalized steady-state mean-squared distance as a function of
dimensionless shear rate for chains in shear flow. Lines correspond to preaveraged model
results given by Eq. (6.26). Symbols are BD simulation results on the Rouse model with

fluctuating internal friction.

tensor [see Section[E.2.3 in Appendix [E|for details] by using the Giesekus formula (Bird
et al., 1987b), since this choice has been shown to lead to thermodynamically consistent
results for models with fluctuating IV (Schieber and Ottinger, 1994). An analytical
expression for the time-evolution of the shear viscosity may be obtained, using normal-

mode analysis, as follows

mp (") 1 N
P *

= Hm man L)+ 2t
npkpT Ay (1 + ZH)ngq:l oL olg(t") r

N AT N Y
Iq(t)—Z(Eq){l exp[ (1+20)2]} (6.51)

where C denotes the Kramers matrix (Bird er al., [1987b), £L = J-C, S = A - C,
and a, and Zq represent the eigenvalues of J and A, respectively. The matrix II
diagonalizes J, as Zf;zl I1;;J3,11, = a;0 jx. The validity of Eq. 1} has been established

by comparison against BD simulations on the model with preaveraged IV, as shown

1
C- ngS], (6.50)

with

in Fig. [E.2 of Appendix [E. An important rheological consequence of internal friction
is the appearance of a discontinuous, shear-rate-independent, jump in viscosity at the
inception of flow (Manke and Williams, [1988; |[Hua and Schieber, |1995), as discussed in
Chapter 4, This phenomenon, called “stress jump" is not predicted by other bead-spring-
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friction parameter, for two different chain lengths. Preaveraged model results are given

by Eq. (6.52), while the fluctuating IV predictions are obtained using the semi-analytical

approximation given by Manke and Williams| (1988).
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chain models. The stress jump predicted by the preaveraged IV model is given by

np(t*)
l’lpkBT/lH

1
=2tr [C - ngS] (652)

=0
which follows from Eq. upon recognizing that the function 1,(#*) in Eq.
vanishes as t* — 0.

In Fig. the stress jumps predicted by the preaveraged and the fluctuating IV
models are plotted as a function of the chain lengths and the internal friction parameter. A
semi-analytical approximation for the stress jump in Rouse chains with fluctuating IV has
been derived by Manke and Williams| (1988)), and compares excellently against exact BD
simulation results [see Figure in Chapter [5]], with the accuracy of the approximation
observed to improve with an increase in the number of beads. This approximate solution
has therefore been used to plot Fig. (b). From Figs. (a) and (b), it is observed
that while the fluctuating IV model predicts that the stress jump scales linearly with
the chain length for values of the internal friction parameter spanning two orders of
magnitude, a similar linear dependence in the preaveraged model predictions is pushed to
larger values of the number of springs, N, as the internal friction parameter is increased.
From Figl6.7|(c), it is observed that for a given value of the internal friction parameter, ¢,
and chain length, the stress jump predicted by the fluctuating IV model is lower than that
predicted by the preaveraged model. Furthermore, for a given value of the chain length,
the stress jump predicted by the fluctuating IV model saturates with an increase in the
internal friction parameter. No such saturation, however, is predicted by the preaveraged
IV model.

In Fig. the transient evolution of shear-viscosity for models with preaveraged
and fluctuating IV are compared for a five-bead chain. As seen from Fig. (a), at a
fixed value of the shear rate, there is a qualitative difference in the transient evolution of
viscosity as predicted by the two models for two different values of the internal friction
parameter. In Fig. (b), the transient response is plotted for a fixed value of the internal
friction parameter and two different shear rates. The preaveraged model prediction is
independent of the shear rate, and grows monotonously, while the viscosity predicted by
the model with fluctuations is shear-rate-dependent, going through a local maximum for
larger shear rates, as seen clearly for the A5y = 20.0 case.

Furthermore, in the long-time limit, the preaveraged IV model predicts a shear-rate
independent, constant value of the viscosity, equal to the Rouse viscosity for a given
chain length, independent of the internal friction parameter. As seen from Fig. of
Chapter [5, however, Rouse chains with fluctuating IV exhibit a shear-thinning followed

by a shear-thickening of the steady-state viscosity with respect to the shear rate, with
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Figure 6.8: The effect of (a) internal friction parameter, and (b) shear rate on the time

evolution of the dimensionless shear viscosity for a five-bead Rouse chain with internal

friction. Lines correspond to preaveraged model predictions given by Eq. (6.50). Symbols

are BD simulation results on the Rouse model with fluctuating internal friction.
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Figure 6.9: Steady-shear viscosity as a function of the dimensionless shear rate. The broken
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the internal friction parameter governing the onset and extent of the observed shear-

thickening.

6.6 Comparison with experimental data

There is a dearth of experimental data that attempt to examine the influence of
IV on the steady shear rheology of dilute polymer solutions. An exception is the work
by Liang and Mackay (1993) who have performed cessation of shear-flow experiments
on sem-dilute xanthan gum solutions to specifically identify the elastic and viscous
contributions to the total shear stress. Schieber and coworkers (Hua and Schieber, |1995))
have previously compared BD simulation results for dumbbell models with IV against
Liang and Mackay| (1993)’s data. The same data is used here in order to establish the
significance of internal friction in capturing the dissipative or viscous contribution to
the total stress in the context of the two models considered in this work. In Fig.
the steady-shear viscosity of Rouse chains with fluctuating internal friction (indicated by
hollow symbols) is plotted against the shear rate non-dimensionalized by the timescale
obtained from the Rouse zero shear viscosity A, = n%/n,kpT. The experimental value
of the zero-shear-rate viscosity is used for plotting the [Liang and Mackay (1993) data.
The preaveraged IV result, indicated by the broken horizontal line, is independent of the

internal friction parameter and the shear rate. While Rouse chains with fluctuating IV
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Figure 6.10: (a) Elastic and (b) viscous components of the steady state stress as a function of

the dimensionless shear rate. Lines represent preaveraged IV results [Eq. (E.67) with t* — oo].
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Filled symbols indicate viscosity data for 0.01 wt% xanthan gum solution, taken from the work

of [Liang and Mackay|(1993). Error bars are roughly of the same size or smaller than the symbols

used.
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display both shear-thinning and thickening, as discussed in greater detail in |Kailasham
et al. (2021b), the xanthan gum solution only exhibits shear-thinning. It is known
from Hua and Schieber (19935); Kailasham et al. (2018) that the shear-thickening effect
may be suppressed by the use of finitely extensible (FE) springs. It is essential that
other nonlinear effects, such as excluded volume (EV) and hydrodynamic interactions
(HI) are considered, before qualitative or quantitative agreement can be obtained with
experiments (Sunthar and Prakash, [2005; Sasmal et al., 2017; |Prakash, 2019). The effect
of interchain interactions would also need to be accounted for before comparison with
semi-dilute solution data. The development of molecular models that account for all these
phenomena is still work in progress.

In Fig. the elastic and viscous contributions to the steady-state stress are plotted
as a function of the dimensionless shear rate. The value of the internal friction parameter
for xanthan gum solution is unknown, and we use ¢ = 1 for the purposes of a qualitative
comparison of predictions with experiments. The filled symbols are obtained from
cessation of shear-flow experiments (Liang and Mackay, |1993)), while the hollow symbols
and broken lines represent the fluctuating and preaveraged IV results, respectively. While
polymer models with rigid connectors also predict a dissipative contribution to the total
stress, the inclusion of internal friction is essential for capturing the viscous component of
the total stress in flexible chain models. As discussed above, agreement with experimental
data cannot be expected by including the physics of internal friction alone. Nevertheless,
the existence of a viscous contribution to the shear stress demonstrates the importance of

accounting for I'V.
6.7 Conclusions

The results of this chapter clearly indicate that fluctuations significantly affect the
dynamics of polymer molecules away from equilibrium. While a majority of experiments
and simulations (Wensley et al., 2010; [Soranno et al., 2012; Schulz et al., [2012; |Cheng
et al.,2013; Ameseder et al., 2018) over the last two decades on understanding the effects
of internal friction on biomolecule dynamics have focused on equilibrium measurements,
such as reconfiguration and folding times, the effect of this phenomenon on the probability
distribution of polymer extensions in coil-stretch transitions during turbulent flow has
recently garnered attention (Vincenzi, 2021). We anticipate that the present work will
provide a theoretical framework for discerning the effects of internal friction in out-of-
equilibrium systems. The results of this chapter have been written up as a manuscript,

and is available in |[Kailasham et al. (2021a).
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Quantitative comparisons against experiments would require the incorporation of
hydrodynamic interaction effects (Sasmal et all 2017} Prakash, 2019). However, the
solution of coarse-grained models which account for fluctuations in both internal viscosity
and hydrodynamic interactions (with more than two beads), have additional challenges,

as discussed in Chapter [5] that have not been addressed so far.






Chapter 7

Conclusions and Future Work

7.1 Conclusions

The broad objective of this work has been the theoretical and computational investigation
of the effects of internal friction on the dynamics of polymer solutions, using Brownian
dynamics simulations of bead-spring-dashpot models. The following is a brief list of the

key contributions of this thesis:

1. The existence of two types of internal friction—wet and dry—is revisited, and
a simple protocol is proposed (Chapter |3) for distinguishing between the two
types and extracting the appropriate internal friction coefficient. The scheme
requires repeatedly stretching a polymer molecule and measuring the average work
dissipated in the process by applying the Jarzynski equality. The internal friction
coefficient is then estimated from the average dissipated work in the extrapolated

limit of zero solvent viscosity.

2. A detailed characterization of the rheological consequences of internal friction
and hydrodynamic interactions in a finitely extensible dumbbell model is provided
(Chapter ), examining the effects of these nonlinear phenomena on the stress
relaxation modulus at equilibrium, and on the transient and steady-state material

functions in the presence of simple shear flow.

3. The conventional machinery for the numerical solution of bead-spring-chain
models is not readily applicable to systems with internal friction, due to a coupling
between the connector vector velocities. We have proposed a method (Chapter [3)
to overcome this inadequacy, by expanding the scope of an existing decoupling
methodology (Manke and Williams, [1988]), and obtained exact rheological

predictions for linear viscoelastic properties and steady-shear material functions.

165
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We have validated our algorithm by comparison against available approximate
solutions in the linear viscoelastic regime. Steady-shear viscometric predictions for
models with internal viscosity were hitherto unavailable for chains with greater than

two beads, and are presented here for the first time, to the best of our knowledge.

4. The effects of internal friction on polymer dynamics have been observed in
both biophysical and rheological contexts. The most commonly used theoretical
framework for the interpretation of internal friction effects in the biological context
is the Rouse model with internal friction (RIF) (Khatri and McLeish, 2007), while
rheological investigations have relied on the polymer-kinetic-theory (PKT) based
approach. We have established (Chapter [6)) a formal connection between these
two treatments of internal friction, by showing that the RIF model is essentially
a preaveraged treatment of the internal friction force appearing in the PKT-based
approach. While the preaveraged and the fluctuating IV models predict intrachain
autocorrelations that approach each other for long enough chain segments, they
differ in their predictions for shorter segments. Furthermore, the two models differ
qualitatively in their predictions for the chain extension and viscosity in shear flow,

which is taken to represent a prototypical out-of-equilibrium condition.

The choice of the resolution level for the modeling of internal friction would
ultimately be decided by the amount of information that is needed. For example,
investigations into the molecular origins of internal friction (de Sancho et al., |2014;
Zheng et al., 2018)), or the correlation between the magnitude of the internal friction
coeflicient and parameters on an atomistic scale (Schulz et al., 2015b) would necessitate
the use of highly resolved models that accurately specify the energetics of the various
intramolecular interactions and solvent friction. On the other hand, the effect of internal
friction on a large length/time-scale property such as the viscosity may be studied using
coarse-grained models of the type discussed in this thesis, and an estimate of the internal
friction parameter can be obtained using the protocol described in Chapter 3.

The ideas of wet and dry internal friction are briefly reviewed below, in order
to chiefly emphasize the connection between internal friction effects observed in
experiments/all-atom simulations and coarse-grained, micromechanical models of the
type described in Chapter [2] of this thesis.

Netz and coworkers |Schulz et al. (2015b) have studied the force-induced unfolding
of a-helices and S-hairpins using all-atom, explicit solvent molecular dynamics (MD)
simulations, with equilibration performed in an NPT ensemble, and production runs in an

NVT ensemble. This represents the highest level of resolution possible in the classical
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(Newtonian) sense, one that does not invoke quantum mechanical degrees of freedom. In
order to meaningfully define a free energy, they have identified the protein being pulled as
the “system", and the solvent molecules as the “bath". The free-energy change associated
with taking the protein from its initial state to a final stretched state is defined as the
quasi-static work to be done on the system for realizing this change. At faster than
quasi-static pulling rates, the work expended in the process is greater than the free-energy
difference, and the difference is defined as the dissipation associated with the process.
This dissipation is hypothesized to have two sources: one arising from having to pull
the protein through the bath of solvent molecules, and the other being resistive elements
from within the protein itself. Under identical solvent conditions, it is found that the work
dissipated in stretching a protein correlates with the number of intramolecular hydrogen
bonds ruptured in the process. By repeating the pulling in solvents of varying viscosity
(realized by changing the mass of the solvent molecules Schulz et al. (2012)), and
extrapolating to the n, — O limit, it is possible to extract an internal friction coefficient for
the protein molecule under investigation. Central to this exercise for finding the internal
friction coeflicient is the heuristic assumption about the additive coupling between the
friction contributions from the solvent and the molecule. Coarse-grained simulations for
modeling such systems would be well-served by the use of the spring-dashpot model,
since it is known that there is a finite source of dissipation over and above that due to the
solvent viscosity. This type of internal friction has been classified to be of the “dry" type,
and is consistently non-zero, independent of the solvent viscosity, at both the levels of
resolution considered.

Soranno et al. (2012) find, based on reconfiguration/folding time studies on a cold
shock protein, that the internal friction in the molecule is of the dry type and argue that
this is due to the exclusion of the solvent from the regions of the protein that contribute to
internal friction.

On the other hand, Soranno et al. (2012)) highlight the study by |Waldauer et al.
(2010) to explain wet internal friction. Waldauer ef al.| (2010) have experimentally
studied the intramolecular contact formation in the B1 domain of protein L, and find
that the rate of contact formation is 500 times slower than under high concentrations
of denaturant, which affirms the presence of internal friction. On a plot of the contact
formation time against the solvent viscosity, however, the extrapolated value of the contact
formation time in the 7, — 0 limit is zero within experimental error, which is a signature
of wet internal friction. Soranno ef al. (2012)) suggest that the occurrence of wet internal
friction is due to the complete solvation of the chemical groups on the protein responsible

for internal friction. Building upon the work of |Alexander-Katz et al.| (2009), we show
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in Chapter 3 that wet internal friction can be faithfully incorporated in coarse-grained
models by the inclusion of cohesive, non-bonded interactions. This treatment results in
the occurrence of a friction component that is larger than the solvent contribution at finite
values of the solvent viscosity, and one that vanishes in the 7, — 0 limit.

From the above discussion, it is clear that the choice of dashpots or cohesive
interactions for modeling internal friction effects depends on the nature of the internal
friction present in the molecule (dry/wet). It is quite possible for a polymer to possess
both wet and dry internal friction simultaneously, and such molecules may be modeled
by bead-spring-dashpot chains with cohesive forces and hydrodynamic interactions. The
development of a single-chain model that simultaneously accounts for internal friction,

excluded volume, and hydrodynamic interaction effects remains work in progress.

7.2 Future Work

A few directions in which the current work may be taken further are listed below.

1. As discussed in Chapter |5} in coarse-grained models with more than two beads,
and which account for fluctuations in both internal viscosity and hydrodynamic
interactions, there is a one-to-all coupling between the connector vector velocities,
which precludes the use of the decoupling machinery proposed by |[Manke and
Williams (1988). The development of an alternate decoupling methodology
would expand the predictive capabilities of the current model, since quantitative
comparisons against experiments would require the incorporation of hydrodynamic

interaction effects (Sasmal et al., 2017} Prakash, 2019).

2. In Chapter (3} the protocol for the measurement of dry internal friction considered a
single-mode spring-dashpot subjected to constant velocity pulling, and it was shown
through analytical calculations and simulations that the work dissipated in the zero-
solvent-viscosity limit is linearly related to the damping coeflicient of the dashpot,
as

(Wiis )0 = Kvd (7.1)

For a bead-spring-dashpot chain whose all springs have the Hookean spring
constant H and dashpots have an associated damping coeflicient K subjected to
similar treatment, as shown in Fig. one might anticipate a relationship similar to
Eq.[7.1]for the dissipation, with the single-mode damping coefficient replaced by an
effective internal friction coefficient, K., but it is not immediately obvious how this

effective coefficient is related to the damping coefficient of the individual dashpots
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Figure 7.1: Proposed schematic for pulling simulations on a bead-spring-dashpot chain.

and the number of beads in the chain. In other words, if the effective internal
friction coefficient is represented as K.¢ = F (K, NVy), it is presently known that
for Ny = 2, K. = F (K, 2) = K, but the functional form of ¥ (- - -) is unknown for
the general case of N, > 2. A knowledge of this relationship would permit a greater
flexibility in the comparisons against experimental data on the dissipation observed
in single-molecule stretching, since it would specify the choice of the damping
coeflicient value for a given level of discretization (N,), and a fixed value of the
effective internal friction coefficient. It is possible that a combination of analytical
calculations on a one-dimensional model and BD simulations as discussed in
Chapter 3| may be used to answer this question. The governing equations for a

bead-spring-dashpot chain subjected to pulling would first have to be derived.

. In the bead-spring-dashpot model considered in this work, an identical value of

the damping coefficient is chosen for all the dashpots in the chain, in line with the
common practice in the literature. Studies have revealed the influence of internal
friction on the dynamics of chromatin (Poirier and Marko, 2002; Socol et al.,[2019),
which has been shown to form topologically associated domains (Lesage et al.,
2019; Kumari et al., 2020, 2021). Depending on their spatial compactness, it is
probable that the different domains might have different values of internal friction.
A coarse-grained representation of the polymer, therefore, would perhaps be better
served by the incorporation of “heterogeneous internal friction", by allowing for a

different damping coeflicient (say K;, K>, - - -) for each dashpot in the chain.

. Brownian  dynamics  simulations on chains with  hydrodynamic

interactions[see Prabhakar and Prakash (2004), endrejack et al. (2000), for
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example] commonly employ Fixman’s suggestion (Fixman, |[1986) for the
evaluation of the noise term in the governing stochastic differential equation,
by using a Chebyshev polynomial expansion to calculate the square root of the
diffusion matrix. The number of Chebyshev polynomials required in the expansion
depends on the ratio of the maximum eigenvalue of the diffusion tensor to its
minimum value. Analytical estimates for the eigenvalues of the diffusion tensor of
the Zimm model (preaveraged HI) are available in Thurston and Morrison| (1969);
Kroger et al. (2000). An extension of the [Fixman (1986) method for calculating
the noise term for chains with fluctuating internal friction would be simplified if the
maximum and minimum eigenvalues of the diffusion tensor are known. To the best
of our knowledge, analytical estimates are not available. In this regard, Figure
in Appendix [D] presents an interesting observation. The smallest eigenvalue of the
diffusion tensor, for a hundred different initial configurations of a forty-five-spring
chain, is found to be a constant that depends only on the internal friction parameter.
It therefore appears plausible that the extremal eigenvalues of the diffusion tensor
may be calculated analytically. Even though Figure in Chapter |5 suggests
that the total simulation time for chains with fluctuating internal friction remains
largely unaffected if the noise term calculation is turned off, implying that using
the [Fixman| (1986) method for the noise-term calculation would not translate to
a significant computational advantage, a careful investigation into the spectral
properties of the diffusion tensor in systems with internal friction still appears

interesting.
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Appendix A

Derivation of Fokker-Planck and

stochastic differential equations for a
FENE dumbbell with IV and HI

A force balance on the v" bead of a multi-bead chain with internal viscosity,

hydrodynamic interactions, and a FENE spring can be written as follows,
F=ma=F"+F" 4 F© (A.1)

where F" is the hydrodynamic force, F’ is the Brownian force, and F“ is the force due
to the spring-dashpot system for any arbitrary spring force. Expressions for each of these
forces are given in Bird ef al.|(1987b) On substituting the expressions, and neglecting the

masses of the beads, the force balance can be recast as

‘ olny  0¢

— — Dy — K- CFM | — -

C\i] —vo — k rV+Z#:Q"” F,”| = kT ar,  or,

+ K((rv+1 - rv) (rv+12_ rv)) . [[i'v+1 _ rv]] (A2)
|rv+1_rv|

- K (rv_rv—l)(rv_rv—l) '[["‘y_"‘v—l]]:()
Irv_rv—ll2

where ¢ = ¢§ENE [as defined in Eq. | throughout this appendix.
For a dumbbell, the time-rate of change of the position vectors of the two beads can

then be written as

oy 39 _ 00

arz 6r2 E ‘ [[Q]]

[ ]=vo+k-r +Q'(—kBT

(A.3)

“Con gon T2 19
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and

oy _ 3 QQ
(91‘1 (9r

[[i’g]]:UQ+K'r2+Q‘(—kBT [[Q]])

(A4)
kBT(S‘lnw 1 0¢ eQQ'
{ Ory  (0ry 2 Q?

Subtracting Eq. (A.4) from Eq. (A.3) yields the following equation for the time-rate of

change of the connector vector, [[Q]]

2ksT
101=[x-0]- 2L 50y Lny-26-00)- 2 _c5- o). QQ 101 (AS)

0Q ¢ 0Q

Grouping together the terms containing [Q]], the equation can be rewritten as

) = Q01" (1. g 2T 9y 2 9¢
101 = 6+€,8Q2] ([K 0]- =~ 6~ 55y 5(6 (@) 55] A6

One can find the inverse of the first bracketed term on the RHS of Eq. (A.6) analytically

with the Sherman-Morrison formula (Press et al., 2007), which states that for a matrix Z
whose inverse Z ! is known,
Z"' uz"-
Z+un) =z - LWL Y (A7)
l+v-727
where u and v are vectors. Identifying & as Z, VeB(Q/Q) as u, and VeB(Q/Q) as v, we

get

-1
6+6,8%] _s_ B 20 (A.8)

02 B+ 0

Once the inverse has been found in this manner, the equation for [Q] can be written as

shown in Eq. of Chapter|4] Substituting the expression for the time-rate of change of
the connector vector into the equation of continuity yields the appropriate Fokker-Planck
equation for the system, as given by Eq. (4.2). The dimensionless form of the same has
been given in Eq. (4.4).

Using Itd’s interpretation, any Fokker-Planck equation of the following form

PV 10 8
E___Q (ay) + 29090 . [Dy] (A.9)

has its equivalent SDE (Ottinger, 1996) given by
dQ =adt+ b -dW, (A.10)

where W, is a Wiener process and b-bT = D. Invoking the identity given in Equation
of Appendix D] the second term on the RHS of Eq. (4.4) can be written as

v (-7 e ) -]

100 [ 00\ . 1 0 [60
_28Q*6Q*'[(6 B 11 Q*z) © mw] o0 [2 0 ]

(A.11)
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o Chem. Engg. Sci. 7
51, 1473 (1996)

Q*

Figure A.1: Probability distribution of Q*, the dimensionless length of the connector
vector. Solid line corresponds to the analytical function given by Eq. (A.14) for b = 100.

Error bars are smaller than symbol size.

With the above conversion, the Fokker-Planck can be rewritten in a form that is amenable

for applying the It6 interpretation, as shown below,

w __ 0 | S 00\ (o o 12 )

- ——OQ*.{?Q*+(5_€[),*+1 < )(K 0 —(6—49).1_Q*2/b)¢1}
10 0 [ & 00\ . .o .

+10Q*6Q*'[(6 B 1 Q*Z) © {Q)‘”]

(A.12)

The SDE corresponding to this Fokker-Planck equation has been given in Eq. (4.6), and
has the same functional form, irrespective of whether the hydrodynamic interaction tensor
is described using the RPY expression or the Regularized Oseen Burgers expression.
Though the SDE obtained in this work is identical to the one derived by Hua and Schieber
(1996) , the definition of g, [see Eq. in Chapter 4] in our work is different from
that obtained in theirs. Since it is known that IV and HI do not affect the equilibrium
probability distribution of the dumbbell configurations, we can test the correctness of
the SDE by comparing the probability distribution of the lengths of the connector vector

obtained from simulations against its analytically known expression for FENE dumbbells.
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The equilibrium configurational distribution function for an ensemble of FENE dumbbells
has the following form (Hua and Schieber, 1995),

«2\b/2
(1 _e ) (A.13)

1
: b

Jeq

where J;, = 27b*>B(3/2, ((b+2)/2)). By averaging over the orientations of the dumbbells
in spherical coordinates, the probability distribution of the lengths of the connector vector

can be obtained as
P*(Q") = 410"y, (Q") (A.14)
In Fig. the probability distribution generated by our code and that which results
when the SDE from the work by |[Hua and Schieber (1996) is used, are plotted alongside
the function given by Eq. (A.14)) for b = 100. The good agreement between the simulation

results obtained by our code with the analytical result establishes the validity of our SDE.



Appendix B

Illustration of the iterative forward and

backward substitution procedures

In this appendix, the first few iterations of the forward and backward substitution steps
for obtaining the decoupled equation for the connector vector velocity in a freely-
draining bead-spring-dashpot chain are presented. The generating equation is given
below, reproduced from Equation of Chapter 5]

0,10 4 ksT \(Q, Olm¥Y _dln¥Y
o= 83 = (55%)(3) w0~ ()3 | o %

_dln¥ 1 Qk) [ ¢ 20¢ _0¢ ] .
ann] (§+2K)( 00,_, " 00, 00,., (B.D)

()| (%52 + e (%52

where

Qk Qk+]
Qk Qk+l

and ¢ = ¢fIK [as defined in Eq. throughout this appendix. Eq. li is then subjected

to forward and backward substitution schema to obtain a decoupled expression for Cy.

L, =cos6, = (B.2)

B.1 Sample iterations from the forward substitution step

In the forward substitution scheme, the equation for Cy is plugged in to that for Cy,q,
starting with k = 1. The step is illustrated for a series of k values, as shown below.

Forward substitution expression for £ = 1:

177
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From Eq. (B.1)), we have

l ksT \(0Q,\ [.0In¥ HInV¥
Cl_(f"‘zK)( ) (k-2 - (§+2K)(§?)'_2 90, B an] B3

1 0, 9¢ K\ O
(Emle) Pio il (el e ()
which may be recast as

€= (4 +§2K ) (%) Q)+ (4 +K2K) [CZLI (%)] B4
1

(2 % ) (== 8) Lo
+2K)\0J\QO1) | 0Q, | \{+2K 1J\O1) 100, ]

)] 5 - (=la) @) e
C+2K)\0)\Oi) | 00, | \{+2K)\0:)\Q1) |00, |
Forward substitution expression for k = 2:

From Eq. (B.1)), we have

_ 4 % _ B kgT % olnY¥Y olnY oOolnY
Cz_(§+2K)(Q§) (k- 2) (§+2K)(Q§)[ 50, % a0, 8Q3]

(1 &)_[_&p 2(9(;5_6‘(;5] o
(4+2K) o) | a0, " %40, " a0, B-)

(ERen(2)en(2)

Multiplying Eq. (B.3)) by L, (Q,/Q>), we obtain

gl 8 o () b

! 0, 00 |, (LK oy
(EwGE) P il ) ®9
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Substituting Eq. into Eq. (B.3),

e [elon 8 (8] o
(T 2] () o))
) ol ) [

C,L3 (B.7)

ul =) (@) (G) e
(a6 E) 1% -5 E) 5

(emlle o) sl ezl 6)G) ool

Defining

x \
M, = (§+2K) L3 (B.8)
and grouping like terms together,
_[_K 0s
Cy(1 =M, = (m) G L, (Qz) (B.9)
4 1 K K
(ewl@E) e el sl G) w0
(%)) e | (=lg) e
{+2K Q% 00, {+2K Q% 00,
el =) () (2] (5)
l+2K 2] \{+2K 0 0> 00,
-(ela) Plevae) - () (@) 5
Z+2K “\e+2k) o) \o,)] \ ag,

%)[-(“’ZK)LI (21)2(2) (e
| (o)) (o)
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It is clear from the underlined terms in Eq. and Eq. that the coefficients for
the spring force and the Brownian force terms are identical. In the forthcoming steps,
therefore, only the spring force term shall be indicated for the sake of brevity. Once a
general pattern has been identified, the final expression would contain both the Brownian
and the spring force terms, multiplied by the same prefactor.

We thus have the following final expression for C,,

B 1 K O3
() e (2) 10

1 s 1
+ 1—M,)\7+2K @ [(_) (k- Q2)+L1( ) (k - Ql)]
1 1 2 [_¢]
1-m)\c+2k/\02) |80

(em)m(3) (8| ()
( 2)u(8)-(2) )

1 1 1
1-M, {+2K Q2

B 1 1 1
1-M, §+2K Q2

Forward substitution expression for k =
From Eq. (B.I), we have

(< I V(& ap ¢ I
< _(§+2K)(Q2) (k- Q5) - ({+2K)( ) [ 00, +25Q3 6Q4] (B.11)
—K O O
[m|en(@) en(3)
Multiplying Eq. by L, (Q»/Q3), we obtain
) 1 K )
CZLZ(Qa) (1 —Mz)({+2K)C3L2 (B.12)

§+§2K % :(%)'("'QZH (4 KZK)( )( Ql)]

1 1 L\ (0,
* 1-M2) {+2K)\0; E) [0Q3]

+

)60 (8) (3] ()
{+2K)\0s3)] \{+2K 0O O 00,

=6l Ple=m (3)- ) ()
{+2K)\Q3)| \{+2K o O 00,
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Substituting Eq. (B.12) into Eq. (B.11]), we obtain

S e e

ez 3) a) - emell@) (o) (e (G) (o)

+

(G)](8:) 00 (%) (3) < 0]
5)2) |3
ese) (8) (&) ()

a6 Pl v (8- (@) )

(K V(1Y
M; = (g+21<) (1 _MZ)LZ (B.14)

Defining
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and grouping like terms together,

[ K 04
C;(1-M;) = (( " 2K)C4L3 (@) (B.15)

) o) o

1 —1M2)L2L1 (é +K2K)2 (%) e Ql)]

1 0;
+(§+2K 2]

|
(el lmw= )3 e
(el ) e ()
l=mlmw)=(2)-E) )
(e () Pl (=) (3

(el (6)) (o)

—+

S~—
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We thus have the following final expression for Cs

ER
m é) (1—1Mz)( ) Q)

i () =(G) o0

(el ()] (@)oo

1 0 (5¢)
l+2K Q2 00,

(mwlel- ) =) (@) @) )
(e[l ) e ()

2w mlEweE)- 3] G
(ermlla e (s ()
(el = ) o)

Forward substitution expression for k = 4:
From Eq. (B.1)), we have

¢ L@\ [ 6 a6 de
€= (4+2K)( )( Q- (4+2K)(Ei)'[‘agg”agfags] (17

K 0s 0Os
+(€+2K) C3L3( )+C5L4(Q4)
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Multiplying Eq. (B.16) by L; (Q3/Q4), we obtain

(&)= (=) ()

(e @) 2(8) o
(el (e (G 00
() () o (8) w0
() (0 2) ()

(el @)=l ) ) e (B) w
(i) 3] (5

(el = (= ) e (2)

(e (o) o () - (G )

) (5 +121<)(é) [2(4 +K2K)2(1 —lMa)(l —1M2)L3L2L‘ (gi)

) (4 +K2K)(1 —lMs)(l —1M2)L3L2(g§)] (c’)Ql)
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Substituting Eq. (B.18)) into Eq. (B.17)), we obtain

e Q) e
(=me)(@) (e -2 (e) (&) (52
e (6] )+ (= ()

(emlall=m e - (5) « o
K

+ ! (1 _1M2)L3L2 (%)'(K'Qz)

K\ 0
+ )\ 1=, ({+2K) L3L2L1(j)'(K'Q1)]

I K\, L)
\z+2x)\z+2x) 2\ 0,

(el —(15M3) I-IMZ)(JQKfLM 2

i ) o () () (8] ()

(el P 5m) () (o (B
() () (G o)

(1 K\,
My = (1 _M3)(§+2K) L (B.20)

Defining
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and grouping like terms together, we obtain

)cm(éi) (B.21)

¢+2Kk)\ 0, Q)+ 2 ) B az (k- Q)
NERAEATE 1 K 0
K

- M §+2K)2(1—1M2)L3L2( )(" 2)

1 1 K Y\
- M; 1—M2)(§+2K) L3L2Ll( ) - Ql)]

|
|
emla)2) e
|
|

C4(1_M4):({+2K

ez (2) (2] e

1 1
{+2K @),

) [ ) ()
) (=) (2)- (@) e

o[ ) e ()

[ (o) (@) () ) ()
(el Pl () e ()

) (4 +K21<)2(1 —1M3)(1 —1M2)L = (gi)] (G_Ql)
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We thus have the following final expression for Cy4

(1 K 0s
Cy= (1_M4)(g+2K)C5L4(Q4) (B.22)

(1 —1M4)(Q_:) - Q4)

1 1 K 0,
1= My J\1-M5)\{+2K L3(@)'("'Q3)

¢ \(L
{+2K Q4)

1 1 K V[ 1
-y J\1-m;)\7+ 2K (1—M2)L3L2( )(K Q)

|
|
|
(el () e (6 0
|
|
|

1-M4)\1-M;)\1-M, {+2K

e (=) (22 (2) )

e () (=l ) 2 (8 2 (=) (8 ()

)= (=) =) () ()

()l () (=)&) ()

el )| (= ) ) o ()

(i (=) (= () ()

(s3] )

(&) P (5 (=) (= =) o ()
—(“’ZK)Z(l_1M4)(15M3)(1JMZ)Lst(ﬁz)}-(f—;’t)

Based on the pattern observed from Egs. (B.8), (B.14), and , a general

expression for the forward susbtituition coefficients, M;, may be written as

K : i 1 ] 0 2
M = — . »v. M = Bl
k ({+2K) (1—Mk_1)’ it ! ’ ( 3)

e
{+2K

The next challenge is to prescribe a general expression for Cy (1 — M), based on the
pattern discerned from Egs. (B.9), (B.15), and (B.21). Upon careful observation and
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induction, the general expression obtained at the end of the forward substitution step may
be written as shown in Eq. (5.7)) of Chapter[5

B.2 Sample iterations from the backward substitution

step

The backward substitution scheme involves plugging in the equation for Cy into Cy_q,
starting with k = N. The step is illustrated for a series of k values, as shown below.
Backward substitution expression for k = N:

From Eq. (B.I), we have

(¢ ksT \{Qx Oln¥Y _dlnV¥
CN_(§+2K)(QN) (- Q) - ({+2K)(QN) [ 50y, o0,

Lo [ a6 . de
(§+2K)( )[aQNl zaQN] (B2

(eml|one ()

which may be recast as

CN:({fZK)(Qz)( Ow)+ (é“lng)(g_g)(@aé—ﬁ)

kT \(20y\ (910
_(4+2K o )( 90y, )
1 Oy o 1 204\ [ 9¢
+(§+2K Q_jz\/).(aQN—l)_(g"'ZK)( Q;zv )(aQN) (B.25)
K \| On-1
+ ({ Tk »CN—ILN—I ( On )]

Backward substitution expression for k = (N — 1):
From Eq. (B.1)), we have

_ { QN—] ) ) _ kBT QN—l ) _aln‘P aln‘I’_ﬁln‘P
CN‘“(mzK)(QZN_l) (k- Q1) (§+2K)(Q?V_1) [ 30y, 90y, 90y

R QN_IH_ 00, 06 a9 o
(4+2K) 2~ )'|"30,, T80, a0y (B.20

N-1

+ ( ad ) CnoaLn- (gN_z) + CnLy- ( 4l )

N-1
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Multiplying Eq. by Ly-1 (On/On-1),
Ov) (| ¢ Ly_;

CNLN_](QN_l)_(§+2K)(QN 1)(Q ) (k- Qy) (B.27)
e e )
C+2K)\On-1)\On) \0Qy_, C+2K)\On-1)\On) \ 0Qy
e (@)@ o) 2l (62)E) e
{+2K)\On-1)\On/] \0Qy_, {+2K)\On-1)\0On) \0Qy

K
jvzerd|CELE
Substituting Eq. into Eq. (B.26)), we have
3 K On-2 On-i
Cn-1 = ({ n 2K)C}v—zLN—z (QN 1) ({ ) )( ) (k- OQn_1) (B.28)

olnY¥Y
+

kT \(_1 )QN_l .

QN—I QN—I aQN 2

kgT 1
{+2K

0.\
QN—l 6QN

e ow)]

Cy_L?
+(§+2K) N-15N-1

QN_I) . (éln‘l’)
On-1) \0Qy_,

A
(91n‘1’)
)

{ + 2K QN—I GQN 2

1 1 On
{+2K On-1

: élfng §+K2K)(sz I)LN‘I (%) | (gqu:)
_2(§+2K)(§+2K)(QN 1) (gZ) (862:1)

(mwlEwla) (@) 7
) (§+2K)(4+2K)(QN1) (gi) (6QN)

Defining
k \
Py_y = (§ 2[() Ly,

|
NEETE )QN_l, ¢
|

(e o

| aQN)+(4+§2K)(§+K2K)LN* (i)(QN) (x2w)

QN_I)_( 3 )
QN—I 8QN 1

(B.29)
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and grouping like terms together, we have

{+2K On-1

(5] (o ’sz (e Q)+ g e [ 2] (- 00
ol (7 2e) () <-00)

K _
Cyo1 (1= Pyoy) = ( )CN—zLN—z (QN 2) (B.30)

+( kT )( 1 ) QN_I).(aln‘P)

¢+ 2KJ\On-1/\Qn-1) \9Qy_,

() (oo ) (8925 G,
§+2K On_1 | £+2K A On On-1 aQN—l
o)l Pl () (62| (5, )
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CH2K)\ O] \E+2K) Ov) \Qv)] \ 90y

o8 s
£+ 2K\ On-1)\On-1) \9Qy-2

(- L[ [_K Qv Oy | (99
§+2K) On-1]| (§+2K)LN_1(QN)+2(QN—1)] (aQN—l)

(e (o Pl (52 (62)) (o)
c+2k)\ oo |7 \c+2k) ™ \oy) oo )] o0,

It is clear from the underlined terms in Eq. and Eq. that the coefficients for
the spring force and the Brownian force terms are identical. In the forthcoming steps,
therefore, only the spring force term is indicated for the sake of brevity. Once a general
pattern has been identified, the final expression would contain both the Brownian and the

spring force terms, multiplied by the same prefactor.
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We thus have the following final expression for Cy_j,

B 1 K On-2
Cnoi = (1 — PN—1)(§ n ZK) CnoaLln-s (QN—I) (B.31)

4 1 1 Oy
¥ {+2K QN—])[(I_PN—I)(QN—I) (- Q)

K ! 0y
vk )\1= PN_l)LN‘1 (a) e QN)]
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(oo Pl ) ()
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Backward substitution expression for k = (N — 2):
From Eq. (B.1)), we have

(L N @us) o (1 N[ [ 8 a ap
CN‘Z‘( )( : ) (k- Q) (4+2K)(Q§V_2) [ 30y 200y, 90,

(B.32)




192 lllustration of the iterative forward and backward substitution procedures

Multiplying Eq. (B.31) by Ly (QOn-1/Qn-2)

QN—I _ 1 K 2
Crn-1Ln-> (QN—z) = (1 . ) (§ n ZK) CnoaLy_, (B.33)

§ 1 1 QN_1
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Substituting Eq. into Eq. (B.32)), we obtain
[ K On-3 { Ovoa)
Cna= (m) Cn-3Ly-3 (QN—Z) + ({ n ZK)( 12\7—2) (k- Oy_») (B.34)
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1 KV,
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and grouping like terms together, we have

K
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We thus have the following final expression for Cy_»,

_ 1 K On-3
Cno = (1 — PN—Z) (5 n ZK) CyvsLlys (QN—Z) (B.37)

¢ (- L)@ (.
" {+2K (QN_z)[(l_PN—Z)(QN_z) (k- Oy-n)
1 1 Q .,
. +2K (1—PN_2)(1—PN_I)LN—z(Qx_])-(K.QN_I)

|
7
(5] (o (G eo20)
&
(&

+

+

+

[+ 2K (1—;N_2)(ggj)'(agf_3)
{+2K (sz-z) H{ +Kzz<)(1 - ;N_z)(l - ;N_I)LN‘Z(ng)
)63 )

(4 v 2K) (Qj/—z) [_ (1 - ;N_z) (1 - ;N_l ) (4 +K2K)2 . (%)
i (o [P B e o e R
) (§+12K)(Qi-z)[2(1 - ;N_z)(l —;N_l)(ml{zK)z Frcala- 1@)

() (32 o)

Backward substitution expression for k = (N — 3):
From Eq. (B.1)), we have

g QN 3 1 QN 3 (9¢) (9¢ a(p
Crs = (§+2K)( N3) (- Q) - (§+2K)( m) [_aQM”aQNJaQNz

(B.38)
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Multiplying Eq. (B.37) by Ly_3 (Qn_2/QOn-_3), We obtain

cN_zLN_g(QN‘Z):( 1 )( K )CN_gL%V_S (B.39)

+

+2(
! Ly_
I_PN—Z)
1 1 1 1 K Y 0,
§+2K)(QN—3)[2(1 —PN—Z)(l —PN—I)(§+2K) bl 1(QN)

i e o) o G )
1—PN_2) - Py §+2K) A QNI] (@

On=3 1 -Py,,J\{+2K

¢ ) (! ! 0y
{+2K (QN—3) [(1 - PN—Q)LN_3 (QN—Z) (k- Qyo)

K 1 1 0.,
{+2K (I_PN—Z)(l_PN—l)LN sl Z(QN 1) (k- Oy_1)

K \ 1 1
{+2K (1_PN—2)(1—PN 1)LN 3Ly Ln- 1( ) (k- QN)]

sl (o )e) (i)
{+2K)\1=Pys) M\ Ons )\ O ) \0Q s
1 1 K 1 Lo\, (@
{+2K (QN—a)[_(§+2K)(1—PN—z)(l—PN—l) N3 N_Z(QN—I)
+2(

1 1 1 1 K 2L Lo (2
B §+2K)(QN_3)[_(1—PN_2)(1—PN_I)({+2K) TN ](QN)

(8
1-Pyva) " ona)| 00y,

1 1 K Oy_y
I—PN—z)(l —PN—1)(§+2K)LN b 2(QN 1)
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Substituting Eq. into Eq. (B.38),
[ K On-4 { Oyvs)
Cys = (—§ " ZK) CN—4LN—4(QN_3) + ({ - 2K) (Q12\7—3) (k- Qn_3) (B.40)
) e
év +2K Q]2V_3 aQN—4 ‘: +2K Q}zv_3 aQN—3
L\ (Qus\ (_0¢ 1 K Y . o
\evx gy ) (5QN—2) ’ (1‘ P N—z)(f +2K) Ot
K 1 Oy,
(g+ 21()(1 - PN_z)LN ’ (QN 2) (K- Qy-2)

Ky (L ! 0
i {+2K (1—PN—2)(1—PN_1)LN sLy- 2(QN1) (k- Qxn_y)

K 3 1 1
* {+2K (1_PN—2)(1—PN_1)LN 3Ly-2Ln- 1( ) (k- QN)]

(ewlEmllas) - (e2) o)

(e (szz)[ (§+21<)2(1—LN_Z)(l—;N_I)L“LN‘Z(gzj)
2l ) 02 mo)

(§+2K) QN3)[ (I—PNz)(l—;N_l)(g+K2K)3LN‘3LN‘2LN‘1 (%)
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1—PN2

l 1
{+2K)\On-3

Ly_sL _2(
A Vo VI

2
I—PN 1)(§+2K)

)=

ez (62)] (o)

} {+2K)(Q )[ (1—PNz)(l—;N_l)(uKszLN - 2LN1(§1)
|

() (32 ()
1—PN2 1- Py J\c+2k] 772\ ot ]| \ogy

(1 K\,
Py = (1 - PN_z) (g " ZK) L, (B.41)

1—PN2

Defining
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and grouping like terms together, we obtain

K _
Cyos (1 = Pys) = (m) CuoaLys (gZi) (B.42)

(oo )|62) o
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We thus have the following final expression for Cy_3,

B 1 K OnN-4
Cys = ( =Py ) ({ n ZK) Cn-4Ly_4 (QN—3) (B.43)

(e la =) (62) oo

(emllims ()i (323) w2
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R Lo T +K2K)2 L[ 222)
B e e ([ o

i (4 +12K)(Q11-3) Hl - ;N_a)(l - ;N_z)(l - ;N_l)(; +K2K)2 frcabn (ng)

2 s = ) o (G} )
1= Py J\1 =Py J\1 =Py J\¢+2K) V72 0y 00y

Backward substitution expression for k = (N — 4):
From Eq. (B.1)), we have
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(@) o (L \(Qua\ [ 06 08 o
CN_4_(§+2K)(Q1ZV_4) (- Q) (§+2K)(Q12V_4) [ 00Qy_s +28QN—4 00y

(B.44)

Cn-sLy-s ( gz:j ) + Cn3Ln-4 ( gz:j )}

28
+({+2K
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The underlined term in Eq. (B.44) may be found by multiplying Eq. (B.43) by
Ly-4(On-3/On-4),

QN—3 _ 1 K 2
Cn3Lln_4 (QN—4) = ( =Py, ) (§ n ZK) Cn-aLly_4 (B.45)

4 1 1 Oy_;
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] S o | 7o
QN3 aszz
1 1 K Y Oy
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()
{+2K)\On-4

1 1 1 K\ 0,
[2 I_P’H)(l ‘PN—z)(l—PN_l)({+2K) Ly-aLy-3Ly-2Lly- (E)

1 1 1 K Y Oy \| [ 9¢
- PN—3)(1 —PN—z)(l - PN_l)(§+ 2K) LN_4LN_3LN_2(QN—1)] . (@)

Based on the pattern observed from Egs. (B.29), (B.35)), and (B.41)), a general expression
for the backward susbtituition coeflicients, P, may be written as

K V( L
P, = . with Py =0, B.46
k (§+2K) (1—Pk+1) Wit Py (B.46)

The next challenge is to prescribe a general expression for Cy L1 (Qk/Qr-1), based on the
pattern discerned from Egs. (B.27), (B.33)), (B.39), and (B.45). Upon careful observation
and induction, the general expression obtained at the end of the backward substitution
step may be written as shown in Eq. of Chapter 5]




Appendix C

Derivation of the stress tensor
expression for bead-spring-dashpot

chains with fluctuating internal friction

In the first part of this appendix, it is established that the Giesekus expression for the
stress tensor, shown to be thermodynamically consistent (Schieber and Ottinger, |1994) for
chains with internal friction is formally similar to the Kramers expression, provided that
the force in the connector vector is redefined to account for the restoring force from the
dashpot. In other words, the intermediate steps leading to Equation (5.40), starting from
Eq. [in Chapter [5]] are first presented. Following this, the detailed steps for arriving
at the closed-form expression for the stress tensor, as given by Eq. in Chapter
are presented. Summations are indicated explicitly, and the Einstein convention is not
followed.

The Giesekus expression for the stress tensor is written as follows

N N
(5 S co0) {5 co0) « (yroa)

u=1 v=1 u,v

where %, represents elements of the symmetric Kramers matrix (Bird et al., |1987b),
which is inverse to the Rouse matrix. We identify B = Ziz et 60,0,1n Eq. || and aim

d
to find an expression for 7 (B), which is also referred to as the equation of change (Bird
et al.l|1987Db).
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We start with the continuity equation for a bead-spring-dashpot chain in a

homogeneous flow profile, which may be written as

¥. Zag 10,1} (€2)

The normalized distribution function for the internal coordinates () may be used instead
of the distribution function based on all the bead positions (‘¥), due to the homogeneous
flow profile being considered in the derivation of the stress tensor expression. The
equation of change for the second-order tensor B may be found by multiplying both sides

of Equation (C.2)) and integrating over all space as follows

N
[ %40 | [Z 0 {[[Q,-W}] BaQ ©3)

where dQ = dQ,dQ, - - - dQ, On the LHS of Eq. (C.3)), since B does not depend explicitly

on f, we may write 5 5
W f d
B—dO=— | B = — (B 4
[8%d0=2 [ Boao= 5 4

We represent

Q=) Qe

[[Qj]] = Z[[Qi]] €s (C.5)
B

mn
B = Z B"e,.e,
m,n

and the term within the summation on the RHS of Eq. (C.3) may be written as

9 . [ a(10s1w)
a_Qj : {[[Q]]]w}B = m’zn;l »B aQJ(], ]emen
o eEmigy) g (C.6)
—”;1 8Q7 _[[QJ]]W aQ(JY m€n
. OB
=30, (10, 1yB} - ylQ,1- 0,
leading to
N N (9
Z( {10 w) 23 [Q,1uB} + Zw[[Q]] Q (o)
1 =1
and finally

N
a+ | [Z anj]]-g—g]dQ

(C.8)

_f[g ain . {[[Qj]]w}]BdQ - —I(ZN:% {10,y B|
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The first term on the RHS of Eq. (C.8) vanishes, due to the Gauss divergence
theorem (Bird et al., 1987b), since the configurational distribution function is expected

to vanish on a surface that is infinitely large. As a result,

_ f [g%-{mw}]wg: f [i m[Q,-]]-g—QBj]dQ=<Z([[Q]1 % )> (C9)

From Egs. (C.3),|C.4} and (C.9), we thus have the following simplified equation of change

for B,
d N
- (B) = <Z (I[Q 150 )> (C.10)

J=1

For the specific choice of B considered in this appendix, we have

Zm (2.0,
_Zv%uv(;y BQ" QBQ e(,eﬁey
(C.11)
_ % 59
=2, %w ), |2 “60° Q”BQC’ Calhty
u,v By

= Z Z G [Qfév 0 Veq.ege, + QY6 jéﬁyeaeﬂey] ,

uy @By

- Z Z CjQueatses + Z Z Ci0leseqey (C.12)
u apf vy

The equation of motion for the connector vector velocity is written [see Chapter |5]] as

and obtain

follows
0ln t// 09
= - AulksT + KC C.13
10,1=x-0Q, Z ]k(B 50, " 0, ka) (C.13)
where A j; is the Rouse matrix as defined in Eq. (2.3) of Chapter [2]and
¢, - 210 .1

O
The following definition holds for (Sunthar and Prakash, 2005) arbitrary spring-

force laws, with the Hookean stiffness of the spring denoted by H and maximum stretched

length of the spring given by Q

0
F = a—gk = HQ, f (Or/Qo) (C.15)
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The functional form of the scalar entity, f (Q/Qo) depends on the spring type used, and
is unity for Hookean springs. The following notation is introduced f; = f(Qi/Q,) for

convenience. The underlined term in Eq. (C.1)) may then be processed as

d _d 3
Substituting Eq. in Eq. (C.16)), we obtain
d 0B\ kT dlny\ OB
E<B>‘<Z[ 2l 50, o) @(A" %) an>
H 0B
- E<;Ajkkak : 0Q1> 7 <ZA,kaQk 6Q >

The four terms on the RHS of Eq. (C.17) are identified respectively as the flow, Brownian

(C.17)

force, spring force, and internal viscosity force contributions. These terms are processed

sequentially, as shown below. Firstly, we recognize that

K-Q; = [Z Km"emen} : [Z Q‘;ew} = Y K" Qle,, (C.18)

mn m,n

Using Eq. (C.18) and (C.12)), we may write

<Z k-0 & > <Z {ng ] {Z chu,gﬂeaeﬁeﬁz S .01 ]>
Z > W"Q;%,jQﬁam"eﬁe(,>+<Z > /(’"”Q’}‘KijZ(Sm"eaey>

Ju mun,afB Jv mnaB

<Z Z KQ"Q7 ujQﬁe,Bea> + <Z Z K Q’J%cgijZeaey>

Ju aBn Jv aBn
(2 X ete)eree) +{3 3 0 (6010 )
i aBn v apBn
(C.19)
Recognizing that
K- (Q,0)= D K00 [(enes) - (ee,)]
= Z Kan;dinr(emes) (C20)

m,n,r,s

D K" Qi0lenes,

m,r,s
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and

@.0) K = ) (QQee,) - (Keye,)

m,n,r,s

= 3 Q0 ere) - (ene,)]

n,n,r,s

(C.21)
= Z K" 0,0, 0mse e
— Z Q QmKnmeren
we may write
(Sleol 75)- <Z 4,00« +x (Y, 9,00
j " (C.22)
- <Z (gMUQuQU> ' KT TK- <Z (gm)QuQU>
Next, the Brownian force term may be processed as
olny\ OB olny
<Zk (Af" 00, ) > <ZZ( *oo; )[Z ;Cg“f'Qﬁe"eﬁe“
L33 e
vy
0lny
= A ik~ s Cgu Qﬁ(ev ea)eﬂea]>
(C.23)
0l
+ < Z Z A]k agf(gijZ(es . ea)eae7]>
Jkyo sy
Olny
= A ke ‘KuQﬁeﬁeaD
13 Zaer
Jln
+< Z ZAJ]‘ aQ:;D(gJUQ eae7]>
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The solid-underlined term in Eq. (C.23) may be simplified as shown below

(2 Sastintacne)- (353 S| ptctee,

Jiku B ku ap
ol
- <,Z‘ Zéku 65‘1& Qﬁeﬁea>
U af
(C.29)
_ alange . >
(23 5 s
= Qﬁl//dQ]e Ca
-2 2 )l s el
The integral in Eq. may be simplified as
ay ) f 00, ]
[ a5 et ae- [an S
(C.25)

00)dg -5 [y

The underlined term in Eq. (C.25)) vanishes due to the Gauss divergence theorem, and the
integral in the second term is unity due to the normalization condition, and we have
W ) o
dQ = -5 (C.26)
J Gz
Combining Eq. (C.24) and (C.26)), we may show that

<[Z ZAjkaalgg/(ngBeﬁeaD = - ZN: Z5aﬂeﬁea — _N§ (C27)

jku af k=1 ap

Proceeding identically to the steps outlined in Eq. (C.24) to (C.26), the dot-underlined
term on the RHS of Eq. (C.23)) also evaluates to be

0ln
<[Z ZAJk 5 Y. ijZeaeyD =-Né (C.28)
Jkyv ay Qk
From Equations (C.23)), (C.27) and (C.28)), we may write
dln 1p) OB >
Ap——| =—)=-2Né (C.29)
<Zk( o0, ) a0,

The last two terms on the RHS of Equation (C.17) may be processed as follows

H
?<;A]kfkgk 50, > <Z ApCiQy - 30, >

. B (C.30)
= Z<;Ajk [Hfi + KC] O - (9_Q]>
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Substituting Eq. into Eq. (C.30), we write

<Z Ap[Hf + KC] Q- %0, > <Z > AulHfi+ KCi] Qe - [Z Z C.j0qepe,
Jk s u
+ Z Z G QZeaeaeyD
vy

<Z Z Aj[Hfi + KCi] Q36,0 (e, - €a) ege,

Jku s.a.B

+ Z Z Aj[H fi + KCi] Q63,0 (e - €,) eaey>

Jku sy

= <Z Z (Z Akj‘fju) [H fi + KCi] 07 Qliegen

ku apf

+ Z Z (Z Ay /v} Hfi+ KCi] Q7 0) eae7>

kv @y

= <Z Z 5ku [ka + ch] ;:Qfeﬁe(,> + <Z Z 6kv [ka + ch] QZQZe(,ey>

ku ap kv ay

<Z D Hfi + KCi] Qngeaeﬁ> + <Z D Hfi + KCy] QzQZeaey>
k ap a,y

k

= <Z [Hfi + KCi] Qka>

k

(3 10, + kCoil0,)
k
(C.31)

The underlined term in Eq. (C.31) represents the total force, F§, in the k™ connector vector

due to the spring and the dashpot, and may be written as
F, = F, + KC,Q, (C.32)

where F; is as defined in Eq. (C.15)), and we finally have

<ZAjk [Hfi + KCi] Q- %> =2 <Z Fsz> =2 <Z Qsz> (C.33)
J k k

Jk

Combining Equations (C.17), (C.22), (C.29), and|C.33| we may write

d 2kpgT 2
T (B) = <Z %MUQMQU> Py <Z %WQMQU> + ; Vo =162 <Z QkF;>
u, u, k

(C.34)
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and therefore, from Eq. (C.1)),

1 Np—
<Z 3 6.0.0, > o e §<Z Qsz> (€35)
k

u=1 ov=1

with the resultant stress tensor expression given as

1 Np—1 Np—1
<Z D, .0, > = nksT Ny~ 1) 6~ <Z Qsz> (C36)
k=1

u=1 v=1

It is thus established that the stress tensor expression for free-draining bead-spring-
dashpot chains is formally similar to that given by the Kramers expression, with the
connector vector force suitably modified to account for the contribution from the dashpot.
In order to obtain a closed-form expression that may be used for the calculation of
stress tensor components from BD simulations, however, it is essential that the complete
expression for C; be substituted into Eq. and simplified.

Starting from Eq. (C.36), we have

Tp = npkgT (Ny — 1) 6 — <Z QkF,1> —n,K <Z CkaQk> (C.37)
k k

From Equation (5.23) of Chapter 5, we have

c=(r=(5 )ZA“‘)( -G )i " (%)

. (C.38)
l 1 1 ® s
(el
where € = 2¢. Multiplying both sides of Eq. by Q,,
—L % & (.. _lﬂ 1 Qk (k)alﬂ
a0 () 2(G) - w0 -[F) ) 23 - (5er)
............... (©39)

IR

The dash- and dot-underlined terms in Eq. (C.39) may be replaced by @y and p,,
respectively, according to Eq. (5.26) in Chapter [3] to give

G0, = (%ﬂ);ak,.(,(.gl)_(’%)(l ! )Z”kl (6ln¢p)
26 (er DR

(C.40)
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Multiplying both sides of Eq. (C.40) by Q, again,

1 kgT\( 1 dIny
600.~(r7) e w00~ (i) Zow ()
1 1
S
I

(C.41)

Using

ay =y (g’;gi ) (C.42)

where )(Ek) is as defined in Eq. 1| of Chapter Summing over the index k, and taking
an ensemble average on both sides of Eq. (C.41)), we obtain

1 (k)
(Zeeo)- ()2 50

k1l

(ENr B e (o)) (el ma) (20 )

The second and third terms on the RHS of Eq. (C.43) are evaluated sequentially as shown

(C.43)

below. Starting with

Son (5)

(3 omr T lecwes-e)

Kl saBy
<Z Doy (—) lese a]> (C.44)
&l sap
—ZZU Qiu Zf(—) MQ] e
&l sap

The integral in Eq. (C.44)) is solved as
S CV,B w K aﬁ
f Oy My GQB dQ = f{[ leukl "l’) QB QB

af
- [ [@ (0ifw)|de - [ |o [ ‘9/24MQ_ | litous] v ag
)

0
o i ~ (u2y) Q"} dQ

(C.45)

The underlined integral in Eq. (C.45) vanishes due to the Gauss divergence theorem, and

we get

0
fQi Z[ﬂ lﬂ <Qk lglﬂ> <,Uaﬁ5kz5sﬁ> (C.46)
1
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Substituting Eq. (C.46) into Eq. (C.44), we obtain

S () {5 Zoee) (3 s

kil saf kil saf

(C.47)
0
~2,% 77 -uf;>—< ﬂ;fk>
<; 90, Zk:
With respect to the third term on the RHS of Eq. (C.43)), we note that
w, F=F ul, (C.48)

which follows from the property of the tensor-dot product. Combining Egs. (C.43),
(C.47), and (C.48|), we obtain

(Zeoe)- (7B ) (2]
(e ) )z o)

Finally, by substituting Eq. (C.49)) into Eq. (C.37), the stress tensor expression is obtained

(C.49)

as

7, = nksT (Ny = 1)6 = n, <Z QkFS> (”pkBT)(l — ) <Z 0. 55 -u,{,>
[N gen

Nyl x'0,00,0
() g

k,l

Upon scaling and simplification using the length- and timescales, Iy and Ap, the

dimensionless form of the stress tensor is given by

*S 1 .
npkBT = (Ny— 1) - <ZQkF >—§(1+ ) <Z(QkF ). ﬂk,> <Zk:ﬂ,{k>
. 0 2\, o Q220
+<%:Qk6_Q7'”’{l>]_(1+e)" <Zw>

k1l

(C.51)

which is reproduced as Eq. (5.42) in Chapter 3]



Appendix D

Recursive-function based methodology
for the analytical calculation of

divergence terms

This appendix is organized as follows. Section presents a route for the conversion
of finite continued fractions into ratios of recursive polynomial relations: Secs.
to present results for polynomial representations of continued fractions, and a
list of tensor identities that is useful for the analytical calculation of the divergence
terms appearing in the governing stochastic differential equation and the stress tensor
expression. In Sec. a detailed example of the use of recursive relations is provided.
In Sec. a comparison between the divergence calculated numerically and using
recursive relations is presented. Lastly, Sec. discusses the symmetricity and positive-
definiteness of the diffusion tensor.

The connector vectors and associated quantities appearing in this document are in
their dimensionless form, with the asterisks omitted for the sake of notational simplicity.

Summations are indicated explicitly, and the Einstein summation convention is not
followed.

D.1 A recursive algorithm for the calculation of
gradients of continued fractions

The discrete Euler version of the governing stochastic differential equation for bead-

spring-dashpot chains with N, beads and N = (N, — 1) springs, and the stress tensor

213
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expression, are reproduced here from Section [5.2] of Chapter

Q (t,:1) =0, +

—~ 1 —
+|K (1) - Q () - ( )fuan) (K (1) Q1) = 7D ) F (1)

1 ~
At, + —AS,
7777777777777 V2

(D.1)

(2

;;BT =Ny - 16— [<ZQ1¢F/S<>_ 1(l+e)<Z (QuF)) - ﬂk1>]_§(
> Jd 2e _ = ng)Q 0,00,
(2oag )| (7o) (X 00 )

k=1 k=1

;)

(D.2)

where € = 29, v = [0}, 0;..., Uy], Withv; = Zszl (0/00,) - erk. Clearly, Egs. (ID_I[)

and require the calculation of the divergences (0/0Q,) - VJT.kand (0/0Q)) - i, for all

values of {j, k, 1} € [1, N]. It is straightforward to evaluate these divergences numerically,

using the central difference approximation scheme for the calculation of gradients. In this
section, an analytical route for the calculation of these gradients is presented.

It may be seen that both Vka and u], possess essentially the same structure, i.e; they

may be written as a sum of n, tensors, as
Vi=m+m+--+m, (D.3)
where each term on the RHS has the following general structure

=h(M,P,)|=—— (D.4)
( 7 l]) [QlQm
where ¢ € [1,n], and i,m € [(g—1),(g + 1)]. In general, the quantities M, and P, are

defined recursively as follows

Ly,
M, =p|l————|; with M; =0
k p(l — Mk—l) 1
o (D.5)
P, = k ); with Py =0
k P(l ~ Py N
where )
K Qk . Qk+l
= ;0 Ly =cosly = ——— (D.6)
P (§+ ZK) ‘ T 000

For any scalar h, and any tensor H, the divergence of their product obeys the following

identity,

V- (hH)=(Vh)-H+hV-H (D.7)
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The evaluation of (0/0Q,) - V]Tk or (8/0Q)) - ui, would require knowledge of the gradient
of the scalar prefactor, 0h/0Q),. The difficulty in analytically evaluating this gradient term
may be illustrated by considering a specific form of Z(Mq, P,), say, ho=[1 - Mg,
which is encountered in the calculation of F(67), required for the construction of A(7), and
subsequently that of the elements of the block matrix, U, as evident from Egs. ,
1} and of Chapter |5, Suppose it is desired to calculate the gradient of 1 with
respect to Q5. We may begin by representing/}: as
7 1 _ 1
1 - M . pLg

pL;

pL;

pL;
1- pL%

(D.8)

1 -
1 —
1

where only L, and L; are functions of Q5. Clearly, it is not trivial to apply the quotient-
rule to evaluate the gradient of /& with respect to Q5. Fortunately, continued fractions of
the type indicated in Eq. (D.8), and finite continued products of such fractions, may be
expressed as ratios of polynomials (Malila, 2014 [Cretney, [2014).

Suppose we define

Li=0-M)(1-M,)..(1-M_)(1-M) (D.9)
It can be shown that
k+1
Iy = 1= pLi - pL; — p[z L%Ii_l] (D.10)
i=3

Similarly, defining
Dy =(1-P)( = Prr)..(1 = Py-1) (1 = Py) (D.11)

where N is the number of springs in the chain, it can be shown that
N-3
Di=1-pl}_ - pL, - p[z L,.2Di+2] (D.12)
i=k

Note that while /; is not defined according to Eq. (D.9), we set [, = I, = 1 for

programming convenience. Similarly, we set Dy,; = Dy = 1 for the same reason.

Using Egs. (D.9)—(D.12)), it can be shown that

k-1 1 I
[r]l (—1 — M,-)] = (D.13)

i=
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I
1 D
[H ( ) = Bl (D.14)
i—k+1 1 - Pi Dk+1
1 Iy
/oy D.15
1-M, I (D-15)
1 l)k+1
_ Dit D.16
1-P, Dy (D-16)
and
1 1
(D.17)

l—M,-—Pk:(Ii) (Dk)
S ~1
Ii—l Dk+l

Using the polynomial representations introduced above, we may concisely write
oh 9 1 a (I
slealal) e
00; 005 |1-Ms| 00;\1s
The quotient rule may now be applied to the ratio of polynomials given on the RHS of

Eq. (D.18). The next task is to obtain general expressions for the gradients, 01;/9Q ;, and
0D, /0Q;.

D.1.1 Forward continued product

We have seen how a recurrence relation for /; can be obtained. We now provide an

expression for I; as a polynomial in p. Consider [, where 1 < k < N is any integer. The
k
degree, n, of the polynomial in p that expresses /; is given by n = b| where |i] represents

the greatest integer lesser than or equal to i. We can then write

k—1 k-3 k-5
L=1-p) Lfk+1+p" ) L fQk=10)-p* Y L7 fGBk=3i)-
i=1 i=1 i=1

k—(2n-1)

+ D' Y L fOulk=Q2n=3)1) (D.19)

i=1

where the function f (m, [, j) is defined recursively as follows

!
FonLjy= > L2 fm—1,1+2,5) (D.20)

s=j+2
with
fLLp=1 vV oLj (D.21)
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While Eq. provides an expression for /; as a polynomial in p, for the calculation
of dI;/0Q i it is desirable to obtain an expansion for /; in terms of Lf. As evident from
Eq. , only L; and L;; depend on Q;. The calculation of d1;/dQ; would therefore
be simplified if an expansion in terms of L? is available. This is realized in the following

expression,
Ik_1+Z L (D.22)
with
“‘“—Z( D P f (k= @u =301~ 12 0) (D.23)

where 1 < v < k; € may in general be a set of numbers but £ = {v} in Eq. (D.23), and the
function f (m, L, ‘f) is defined recursively as

l
fm.1.j: €)= Z L2f(m-1,1+2,50)

s=j+2
s¢}

s>min@

with
fLLipg=1 v Ljit (D.24)

The set A is related to £ as follows. For the general case of 7= {a;,a, a3, ..}, where the g;

represent arbitrary integers, s constructed as
A={(a - D,ai @+ 1,(@-1,a,@+1),..)

For the present case of 7= {v}, we have A= {v—1,v,v+ 1}. The conditional summation
over the index s appearing in the boxed equation above may be understood as follows.
For given values of {m, [, j; ¢}, the index s runs from a lower limit of j + 2 to an upper
limit of /, with two constraints. Firstly, s must not belong to the set 1 and secondly, the
value of s must be larger than the smallest entry in the set £ . A detailed illustration of
the use of the recursive relations, f (m, [, j) and f(m L, j; ?) has been provided below, in
Sec.|D.1.4! o

The next task is to find a general expression for 6_V Note that
J

9,

00,

=0; j<v+2 (D.25)
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and the following equation holds when j > v + 2,

97 _~ |\ = 0L},
=0, -1 -1Llk=-Qu-95],-1;{r,j—1
a0, =" [Z;g ¥ flu= Lk = Qu=9)],~1; . j = 1) 0,
(D.26)
_ [ _ oL2
H0i | D GV P =1 [k = @u =) =15 v D 550
u=2 &

where the underlined terms may be evaluated using Eq. (D.54) and Eq. (D.55) given in
Sec. , and the indicator functions, Feij and @k are defined as

0; j<v+2
0, = (D.27)
I; j>v+2
and
0; j=k
6 = (D.28)
l; j#k
which enables us to write
0; j>k
ol
0Qj Zj—2 LQHQ—E +Z]—(k) 6Lj—l +Z]—(k) aLj, j< k
=1 i i—1 i s =
a0, " g, T ag,

In Fig. the derivative of the polynomial 7, with respect to the y—th component of Q ,
is plotted for arbitrarily chosen values of k = 14, j = 7, and the chain length, N = 20.

There is an excellent agreement between the derivative calculated numerically, and that
obtained analytically using Eq. (D.29).

D.1.2 Backward continued product

The backward continued product defined in Eq. (D.11) may be expressed as a

polynomial in p. Consider Dy, where 1 < k < N is any integer. The degree, n, of

the polynomial in p that expresses Dy is given by n = [T_} where [7] represents the

smallest integer greater than or equal to i. We write

N-1 N-1 N-1
Di=1-pY Lg(k=20+p > LgQki)-p > LgBk+2,i)-
i=k i=k+2 i=k+4
N-1
Y Lign Tk + 20 =2),0) (D.30)

i=k+2(n-1)
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04 1 1 1 1 1
0.3F \_/—:
02 B _Ik: N :20 .
k=14,5 =7
- 01,/0QY ’
0.1} /99, -
SO
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!
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Figure D.1: Plot of /; [solid line, from Eq. (D.19)] and its gradient in the y—direction
[broken line, from Eq. (D.29)]. Symbols indicate derivatives calculated using central-

difference scheme, with a spatial discretization width of Ag.

where the function g (m, [, j) is written recursively as

Jj-2
g(m, 1, j) = ZLfg(m— 1,1-2,5)

s=[
with
g(l,Lj)=1 vV L (D.31)

A polynomial expansion for Dy in terms of L, may be written as

N-1
D=1+ Z L2 (D.32)
v=k
where

WY = > (=1 PG [k +2u - )] (N + 1) ) (D.33)
1

=
where k < v < N, and the function E(m, L, j; ?) is written recursively as follows

-2
E(m,l,j;?) = JZ: L?ﬁ(m— 1,1-2,s; 7)

s=l

siz

s>min®
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with
g (1.1 j;?) =1 vV Lj¢t (D.34)
In the expansion given by Eq. (D.33), ?= }, and A= {(v-1D,v,(v+ 1D}.
—(k)
The next task is to find a general expression for DV Note that

J

oY
—=0; j<v+2 (D.35)
0,
and the following equation holds when j > v + 2,
s _ [ oL
v :9'1/ _1/1 —1,k+2 _3 ,N+1; ’._1 J
50 =" 25V PG = LTk 260 = 3LV + 1: b = 1D)| 5
Lu=2 J
) ) (D.36)
— | <& p . ' L ‘
0| ) (1 PG — 1, [+ 2(u = 3)] (N + 1); {w})] 50
[ u=2 Y
which enables us to write
0; j<k
0D,
| s P g Do ol
i=k i aQ j-1 aQJ J aQ] =

In Fig. the derivative of the polynomial D, with respect to the x—th component of
0, is plotted for arbitrarily chosen values of k = 5, j = 10, and the chain length, N = 20.
There is an excellent agreement between the derivative calculated numerically, and that
obtained analytically using Eq. (D.37).

D.1.3 List of tensor identities

We first present the derivation of the following identity,

d af _ r
.=, = - B D.38
w0, % i, iy, 1B ag; [Fog =] o
where E ;; is a configuration-dependent tensor, defined as
Eyp= "”’"emen, (D.39)

m,n

and fis a scalar. This identity is useful for converting the second order partial derivative
in the Fokker-Planck equation, also called the “diffusion term", into a form more suitable

for the application of the It6 interpretation.
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025 1 1 1 1 1
0.2F \/ i
0.15F N =20 .
—D; k =5,7 =10
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0.1 —=-8D;/0Q); » =20
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Figure D.2: Plot of Dy [solid line, from Eq. (D.30)] and its gradient in the x—direction
[broken line, from Eq. (D.37)]. Symbols indicate derivatives calculated using central-

difference scheme, with a spatial discretization width of Ag.

Starting from

9 8
8_Q16_Ql . [':jlf] =

™M M

0 0 —~
(8_Q’er] (B_Qpep) : [E’]’.;"emenf] (D.40)

O 0 (wm 0 9 (wm
= Z aQr aQP ( ﬂ [erel’ : emen] - a_Q;an ( f) [6rn6pm]

r,p,m,n

oo .,
- 36 g ©7)

=y 9 VE’.” af+f853f}
2230, |*/ ag7 Vg

we have

—rp
Aac.ﬂ

9 0 = — 9 :r!’a_f
w00 151 Lig™ag  Lag ar P
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Next, we examine

8 _  Of 0 o af
&= o Sl e ()

r,p.mn

r”j’;” p e, (ene,) - ep] (D.42)
r,p,m,n Q aQ
r—-mn 6
r,p,m,n Qr - an
Thus we have
b oF d _p Of
— .=, =L = - (D.43)
T

Finally, we examine

0 -~ 0 — _ 0 [—~( 0 —mn r
o] 2 ey

) | 0= }
— _rer . f—6 men (D.44)
rpzmn 00, ") |7 agr "
:Z a]”an((z -e,) = Z AH?IP(S
Py aQ; 0Qp r n aQr an) rn
Thus we have
.—rp
g .
— (D.45)
90; [ 00, ] Z 5Q’ GQ,
From Egs. (D.41), (D.43), and (D.45)), we can write
0 a af a
— = CE — D.46

which may then be rearranged to give Eq. (D.38)
The following identities, useful in the numerical calculation of divergence, are stated

without proof:

2
%0 050 (D.47)

90,
9 %):i[é—Qkala- D.48
90, (Qi Ok 0} “ (D4%)
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22 (! )[ _[QjQ,-]. ] ()
0, [Qin 00, Q; Q§ Q;| 6k +2 0.0, Oi (D.49)

L o 1 (B

Setting i = (j — 1), k = j in Eq. (D.50),

R
0, Q;\Q;, o (=D
Setting i = k = j in Eq. (D.50),
oL; 1 QJH) (Qj)]
-L:|— D.52
8Q QJ [(Qj+] ’ Qj ( )

o {7)32)-+(G el )+ @zl
= |-L, Orit+ = |-L[= Okis D.53
an {( Qt ) [( Qi+1 Qz ¢ Qi+1 Qi Qi+1 il ( )
Setting i = (j — 1), k = j in Eq. (D.53) and simplifying,

oL, 2L,

= 1010, D.54
50, = 001190 ~ LriCne) (D.54)
Setting i = k = j in Eq. (D.53) and simplifying,
oL: 2L,
[Qij+1 - Lij+le] (D.55)

90, Q00
0 Li\[{Qjn 0, L; % T % ‘
3, 1] = (Q])[(Qjﬂ) L(Q,)]‘Sk’ (Q,-H)KQJ-) LJ(Q,-H)]%“

ﬂ 01 _ 0. L; % L % |
+(Qi)[(Qi+1) L(Qz) ot (Qi+1)[(Qi) L,(Qi+1)]5k,l+1

Setting i = (k — 1), j = k in Eq. (D.56) and simplifying,

56)

0 1

(9_Qk [Li-1Ly] = m{Qk—leLk—len = 2Qk-1 Ors1 L1 L Q) + Qka+1Lka—1}

(D.57)

D.1.4 Illustrative example for algorithmic approach to gradient

calculation of forward continued product

Ol
0Q;

will be made clear in this section using an illustrative example, fork =8, j =4 ina cham

The application of a recursive-function-based route for the calculation of [, and ——

with N = 10 springs. Note that the exact value of N is immaterial for calculations of
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derivatives involving the forward continued product. The degree, n, of the polynomial in

p that expresses Ig is given by

8
" = H _4 (D.58)
Using Eq. (D.19), we have

8-1 8-3
L=1-pY Lf(LI8+1Li+p Y L2 f(2[8-11.0)

i=1 i=1

8-5 8-7

—p* Y LG8 =3l + (=D p* Y L f(4,18-5].0)
i=1 i=1

(D.59)
From Eq. (D.21), the above underlined term is just unity, and Eq. (D.59) may be simplified

as

7
=1-p) L+p[LfQID+LfQID+Lf 2T+ f27.4

i=1
(D.60)

The underlined term in Eq. will be evaluated as an example. Using Eq. (D.20)

5 5
FG5)= > LfB-1L5+2Ls) =Y L2f27,5

s=1+2 s=3

=L3f(2,7,3)+ L f(2,7,4) + L3 f(2,7,5)

7 7
=2 Y Rra2-1L7 2L+ 2| Y L2 2= 1107+21.9)
s=3+2 s=4+2
7
+L2| Y L2 F(2- 1117 +21.5)
s=5+2

= 3|13+ 12+ 3| + L3 12 + 13| + 1213
(D.61)
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Following a similar procedure, the complete expression for Iy may be obtained as
I=1-p(L+ B+ L3+ L+ L3+ L2+ L))+ p[L} (L3 + L3 + L3+ L3 + L3) +
+ L3 (LG + L3+ L3+ L3) + L3 (L2 + L2 + L3) + L} (Lg + L3) + 1213
—pP |22+ L2+ L2) + L2 (L2 + L2) + L2L%| - pPL2| L2 (L2 + 12) + 212
D Ly ts\bs T Lg T Ly 46 T L7 sky| = P Lo by \Le T Ly skg
- PLLLp L,
(D.62)

It is now desired to take the gradient of Iy with respect to Q,. From Eq. (D.6), it is clear

that only L3 and L, are functions of Q,. By grouping together the relevant terms on the

olg
RHS of Eq. (D.62), the expression for @ may then be written as
4

a 2
90,

olg

30, - {—p +p? (L + L3+ 1§+ 13) - pPL3L3 - p°Li (L3 + Lg + L3) + p4L2L2L2}
4

oo i) ) )
=4
(D.63)

where the underlined terms may be evaluated using Eq. (D.54) and Eq. (D.55) given
in Sec. Equation (D.63) has been obtained using a bruteforce approach, by
individually examining terms on the RHS of Eq. (D.62) and retaining the ones that do

not vanish when a gradient with respect to Q, is taken. An algorithmic approach for

I
obtaining an expression for 8_8 is illustrated next. Starting with Eq. (D.29),
4

5,030 g 013 oL
AR oY LI
00, & o, " e, ™ a0,
- (D.64)
)
Lzaa( Lza?z N Qe oL3 ' oL;
Lo, o, P o0, Tt 00,
8)
. (D.26), may be written as
4
(95(8) 4 _ 2
L -0, (-1 -1L,[8—-Qu-5)],-1; {1,3})
50, 41 [; P | H | (9Q4
(D.65)

4

— oL,
DL P =18 - 2u = 9)], -1 {1, 4})] 5
- 0,

. 2
+ Os3
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recognizing that v = 1,€=1{, Jj— 1} = {1, 3} for the first term on the RHS of Eq. l}
and € = {v, J} = {1, 4} for the second term on the RHS. Upon simplifying Eq. 1| using
the indicator functions defined in Egs. (D.27) and (D.28)), we obtain

o> # | ”
00, [Z( ' pfu—1.[8 —(2ﬂ—5)],—1,{1,3})]_

(D.66)

4

— 6L
+ ;(—1)"19”1‘(#— 1L,[8 - u—-35)],-1; {1, 4})] 0.

2

The contents within the square braces, underlined as shown above, will be evaluated
explicitly next.

4

DL P =1, [8 = 2= 9], -15 {1,3) = pA(1,9,~1; {1,3) - p*f(2,7,~15 {1,3])

u=2
+p*f(3,5,-1; {1,3})
(D.67)

Now

]7(1,9,—1; {1,3h =1 (D.68)

which follows from Eq. (D.24). The fappearing in the second term on the RHS of
Eq. (D.67) is evaluated as

7

T -LL3) = Y L2F(1,9,s{1,3)

s=—1+2
séd
s>min({1,3})
where ¢ = {1,3}, and A = {(1 = 1), 1,(1 + 1),(3 = 1),3,(3 + 1)} = {0,1,2,3,4}, with
duplicate entries in the set A discarded. We therefore obtain

7

FRI-1 413D = > L2F(1,9,5{1,3)
‘9¢{Of1:,é,3,4}
s>1

1.e.,

f2.7,-1; {1,3) = L2 £ (1,9,5; {1,3) + L2 £ (1,9,6; {1,3}) + L2 £ (1,9,7; {1,3})

Eq. (D.24) implies that each of the underlined terms in the above equation is unity,
allowing us to write
f@.7,-1; (1,3 = L2+ 12+ 12 (D.69)
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Similarly,

5

FB5-1 {13y = > L2f27,51{1,3) = L2 f(2,7,5{1,3D
seZ{Oflz,;,3,4}
s>1

We then have

7

715030 = ), L1955 (13)=1]
se{O,Slz,;,3,4}
s>1

and may write
f(3,5,-1; {1,3) = 212 (D.70)

Using Egs. (D.68), (D.69), and (D.70), Eq. (D.67) may be rewritten as

4
D P =1, [8 = Qu= )], —15 {1,3) = p? = p* (L2 + L2 + L3) + p*L3L3
(D.71)

Following along similar lines, the contents of the square braces in the second term on the
RHS of Eq. (D.65) may be evaluated to be

4
DL P = L8 = u=9)],—1; {1,4) = p*F(1,9,~1; {1,4) = p*F(2,7,~1; {1,4))
u=2

+p*f(3.5,—1; {1,4))
=p* - p*(Le + L))

(D.72)
From Egs. (D.71) and (D.72), Eq. (D.66) may be rewritten as
g™ aL3 oL2
1 2, 72, 72 47272 2, 72 4
pP-p L+ L+ L)+ p' Ll |— +|p*-p (Lo + L (D.73)
PP (B 1) P2 4 [ (1 1)
Following along similar lines, we obtain
gy’ oL2
—= = |p*-p(LE+ 13 (D.74)
ag. =[PP (L L) 55"

The steps for the construction of Z]{f) are given next. Starting from Eq. 1|
4 —~—
7= ) 1 P F (8- 2u—3)],-1; (4D
u=1

= —pf(1,9,-1; (4) + P2F(2,7,1; {4) - PP f(3,5,-1; (4) + p* f(4,3,—1; {4})
(D.75)
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Now
f(1,9,-1; (4 =1 (D.76)

which follows from Eq. (D.24). The fappearing in the second term on the RHS of
Eq. (D.75) is evaluated as

7

fRI-1 4= ) LF(1,9,s (4D
s=—1+2
sei
s>min({4})

where A = {4-1),4,4 + 1)} ={3,4,5}. We therefore obtain

7

FR7,-1 8= >0 L2F(1,9,s 4D = L2 F(1,9,6; (4D + L3 £(1,9,7; (4)
SQ{s;iﬁ}
s>4

Eq. (D.24) implies that each of the underlined terms in the above equation is unity,
allowing us to write
fQ2, 7,15 {4) = L2+ 12 (D.77)

Processing the next term,

5

fB3.5-14h= > LfQ7.s(4)=0
se{S';iﬁ}
s>4

and similarly
3

f@3,-1(4h= > L35 4)=0
S${S3:,i,5}
s>4

Using Egs. (D.76) and (D.77), Eq. (D.75) may be rewritten as

30 =-p+p’(L3+13) (D.78)
Following along similar lines, we obtain

3 =-p+p (L2 + L+ 13) - p°L2L; (D.79)
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Using Egs. (D.73)), (D.74)), (D.78)) and (D.79), Eq. (D.64) may be rewritten as

0]8

B [ (i ) BN [ ()] 2

00, 00,
8 2

2
+ L%{[pz -p (L2 + Lz)] oL, 70,

2 2 2 2 3r272
70, }+{—p+p (L5+L6+L7)—pLL}

AL
+ {—p +p* (L8 + L%)}a—Qz
2 2 2 2 37272 2.2 3 2 2 2 4r2712 61%
={-p+p* (L3 + L3+ 13) - pLL3 + I3[ p* - p* (L2 + L + L) + p*L3L3] 30,
4
1%

00,
(D.80)

N {_p e (24 )+ Blp - o (24 )|+ 2] - (124 Lz)]}

which, upon simplification, yields

oL3
90,

ol
TN QS = {—p +p? (LY + L3+ L2+ 13) - p°L2L5 - p°L3 (L2 + L2 + L3) + p4L2L2L2}
4
+3-p+p? (LT + L3+ L3+ 13) - p (L + L3) (L3 + L3) oL
1 2 6 7 1 2 6Q4
(D.81)

It is thus observed that Eq. (D.81), which has been obtained using the recursive-function-
based route for the algorithmic calculation of the gradient, is identical to the expression

for the gradient written using a bruteforce approach, given by Eq. (D.63).

D.1.5 Calculation of divergence terms in SDE and stress tensor

expression

As the first step, it is desired to examine the effect of the spatial discretization
width, A4, on the accuracy of the numerical calculation of the gradient. As an example,
the gradient of [1/(1 — M, — P;)], evaluated with respect to the connector vector i for
different values of j, k, and N, using the central-difference approximation [Eq. (19) of
the main paper], is compared against the solution obtained using the recursive algorithm
detailed in Secs. [D.1.1+-[D.1.3l

The error in the gradient evaluated using the central-difference approximation is
calculated as

% error = i — diccursie x 100 (D.82)

|d recursive |

where d = (8/0Q,)[1/(1 - My - Pl, and |d| = \[d> + &2 + d.
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Figure D.3: Variation of error in the calculation of gradient [Eq. (D.82)], as a function
of the spatial discretization width, for two different chain lengths. An internal friction

parameter of ¢ = 200 is used for all the data points.

In Fig. the variation of this error is plotted as a function of the discretization
width, A4, for several test cases. For the data set denoted by empty diamond symbols,
the error is seen to decrease nearly monotonically with the decrease in the spatial
discretization width. However, for several other data sets, the error varies non-
monotonically as the spatial discretization width is changed. Since the minima in the
error, where it exists, is observed to occur in the neighbourhood of A4 = 107>, this value
of the discretization width has been used in all our calculations. It is noted that the time
required for the numerical calculation of the gradient is practically independent of the
discretization width.

In Fig. the error in the calculation of divergence terms, which appear in the
governing stochastic differential equation and the stress tensor expression, is plotted as a

function of the chain length. The error is calculated as

% error = |Znum - zrecursivel % 100 (D83)

| Zrecursive I

where z = (0/0Q,) - VJT.,( or (0/0Q)) - p},, and various values of j,k, and/ have been
considered. The error in all the cases is seen to be ~ 1077 %.
In Fig. the execution time needed for calculating the divergence is plotted

as a function of chain length. At lower values of the chain length, the execution times
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Figure D.4: Error in the calculation of (a) (0/0Q,) - VJT.k and (b) (8/90Q,) - ;. as a function

of chain length. An internal friction parameter of ¢ = 200 is used for all the data points.
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Figure D.5: Execution time, in seconds, for the calculation of (a) (9/9Qy) - erk and (b)
(0/0Q)) - ,u,{l, using two different methods, as a function of chain length. An internal
friction parameter of ¢ = 200 is used for all the data points. All the runs were executed
on on MonARCH, the HPC hosted at Monash University, on the same type of processor
[16 core Xeon-E5-2667-v3 @ 3.20GHz servers with 100550MB usable memory].
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Figure D.6: Test for symmetricity, and smallest eigenvalue of the diffusion tensor, for a
hundred randomly chosen initial values of the chain configuration for a forty-five spring

chain.

using the two approaches are comparable. With the increase in chain length, however, the
time needed for recursive calculation is vastly greater than that for the numerical route.
Furthermore, while the execution time using the direct route is nearly independent of the
chain length, the time needed for the recursive route increases precipitously at higher
chain lengths, due to the larger number of polynomial evaluations. In view of its faster
execution execution time, and excellent accuracy (~ 1077%), the numerical method for

divergence calculation has been used in all our simulations.

D.2 Symmetricity and positive-definiteness of the
diffusion tensor

A pre-requisite to the use of the Cholesky decomposition method is that the matrix
be positive-definite (Press er al., 2007). We are not able to prove analytically that
the diffusion tensor, 9, appearing in Equation (5.37) of Chapter [3|is positive-definite.
However, we checked for a hundred different random initial configurations of a forty-five
spring chain that the eigenvalues of the diffusion matrix are real and positive.

In Fig. the smallest eigenvalue for each sample configuration, and difference

between the diffusion matrix and its transpose, are plotted for two different values of the
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internal friction parameter. The difference is computed as follows: firstly, the diffusion
matrix and its transpose are subtracted, to generate a 3N X 3N matrix. This matrix is
then unwrapped to give an array, d, of 9N? elements. Finally, the 2—norm of this array
is computed, and taken to be a numerical measure of the difference between the diffusion

matrix and its transpose, as

ID" ~ Dl = [dl = \/(21)2 (@) 4+ (doe) (D.84)

The difference computed in this manner is O(10~'%), meaning that the diffusion matrix

may be considered symmetric for all practical purposes.



Appendix E

Solution of bead-spring-dashpot chain
model with preaveraged internal

friction

This appendix is organized as follows. Section presents the discrete version of
the Rouse model with internal friction (RIF), which is a finite-bead representation of
the model introduced by McLeish and coworkers (Khatri and McLeish, 2007), and
accounts for the presence of a flow term. Using normal mode analysis, an expression
for the time evolution of the mean-squared end-to-end distance in shear flow has been
derived. In Sec. the governing Langevin equation for a bead-spring-dashpot chain
with preaveraged internal friction is solved semi-analytically using normal mode analysis,
in order to derive expressions for observables at equilibrium [Sec. [E.2.1] and in simple
shear flow [Sec.|[E.2.2]. The stress tensor expression for bead-spring-dashpot chains with
preaveraged internal friction is derived in Sec.|[E.2.3, and an analytical expression for the
time-evolution of the shear viscosity is presented. Summations are indicated explicitly,

and the Einstein convention is not followed.

E.1 Discrete version of Rouse model with internal
friction subjected to shear flow

The Langevin equation for the y™ bead of a discrete Rouse chain with internal

friction (Khatri and McLeish, [2007) is given by

dr, H Kd\&
e _ £ 24 E‘ (R) .
i ({ +3§dt) Amrv+:< rﬂ+§y (E.1)

v=1

235
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where H is the Hookean spring constant, (K/3) is the dashpot coefficient, ¢ is the
monomeric friction coeficient, « indicates the flow-field, £, represents the noise term, and
A,(}? are elements of the connectivity matrix of size N, X Ny, which has the form (Verdier,
1966)

1 -1 0
-1 2 -1 0
0 -1 2 -1
A® = (E.2)
0 0 -1 2 -1
0 0 0 -1 1

The elements of the orthogonal matrix € which project the bead-positions into normal-
mode space are given by (Verdier, |1966; Kopf et al.,|1997)

1/2
Q= (2 _ 5"0) cos [(ﬂ - %) Zl—:] (E.3)

where u = 1,2,3,...Nyandn = 0, 1,2, ...(N, — 1). The columns of € are eigenvectors of

A® which means

> Qunun = O
;

Z Q/JnQvn = 5[JV (E.4)

D A Qun = @i
5

where a,, refers to the eigenvalues of AR, given by

a4 = 4sin> (;—]\Z) . m=0,1,2,...(Ny— 1) (E.5)
The internal friction coeflicient is given by ¢ = K/{, and we additionally define § =
(K/3¢) = ¢/3. The derivation for the time evolution of mean-squared end-to-end distance
of this model in simple shear flow may be found by first setting
0y O
k=0 0 O (E.6)
0 00

in Eq. (E.1), where ¥ denotes the shear rate. Transforming Eq. (E.1) into normal-mode

coordinates using X; = > u § T We obtain

H 1
o T x4 (—)K ‘X, +g,() (E.7)
dt 5(1 + Gap) 1 + 6a,
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where the moments of the noise vector, g,(7), are

2kpT
) = 6,006t - 1) (E.8)
p

(g5) =0: {gs(0git)
The governing equation may be written in terms of the cartesian components of X, =

X T
[Xp, Yp 251", and g, = [gij),g;y)’gg)] as

Xp X YYp g;X)

d 1\’ 1

Ayl=== L W) E.9

dr |97 (Tp) Yp +(1+0ap) 0 1*|9 (E9)
Zp Zp 0 gf,f)

Recognizing that Eq. (E.9) represents a system of three linear stochastic differential

equations, we write

dx, 1 0% ®

L= = + g E.10

dt (Tp)xp (1 + Qap)yp Ip ( )
dy, | (
— 4+ | — = Y) Ell
I (Tp)yp 9, (E.1T)
dz, 1 (
4| — = 2) E12
dt (TP)ZP Ir ( )

The equation for x, depends explicitly on y,,, but y,, is not coupled to x,. Furthermore, z,
evolves independently of x, and y,. The methodology to solve for y,(?) is identical to that
of solving for z,(f), and consequently, only the steps for the solution of y,(t) are given.
The solution for x,(?) is dealt with subsequently. In the solution of these three equations
[Egs. (E.10)-(E.12)], we closely follow the framework described in detail in[Howard and
Milner (2011)).

We note that

(X,(0 - X,(0)) = ([x,(De + y, (e, + zp(e.] - |2, (Ve + y (e, +z,(De:|)

(E.13)
= (5 0x,0) + (U, 0) + (2(0)24(D)

and our task now involves the computation of the three ensemble-averaged quantities on
the RHS of Eq. (E.13). Starting from Eq. (E.11), the formal solution for y,(¢) is written

as

¢
Up(t) = yp(())e—t/rp + f dtlg;y)(tl)e—(t—tl)/rp
0

= y,(0)e™"™ + AY (1) (E.14)
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The moments of AY ,(¢) are

<Ayp(r))z< f dngﬁf)(n)e—<f—~>/fﬂ>: f dn (gP)) e =0 (E.15)
0 0

and
_ kB T -2t/7)
(AY,()AY (D) = Eapq |1 -] (E.16)
The equal-time correlations of the y— and z— components are identical, and can be derived
to be
kgT
(U0, 0) = (2p(024(1)) = =51 (E.17)
P

Starting from Eq. (E.10), the formal solution for x,(¢) is written as

' . '
—t/T) X —(-1)/7p Y —(t-n)/Tp
x,(1) = x,(0)e 4 ‘fov dt gf,,)(tl)e =i 4 (1 n Hap)‘fo‘ dtyy,(tr)e (t=n)/ (E.18)

The underlined integral is evaluated as

t ! 15}
f dty y,(t)e” "' = 1y (0)e ™™ + f dt, f dts g\ (13)e” " (E.19)
0 0 0

with the double-integral solved wusing the Cauchy formula for repeated

integration (Oldham and Spanier, [1974)),

t 1) 1 ! ,
f dt, f dts g\ (13)e™ " = f dr' (1—1) gV (&) =", (E.20)
0 0 2-D!'Jy

to obtain the following expression for x,(1),

_r
1 + 6a,

Y

xp(1) =™ [xp(o) + (Téap

)typ(O) + AX(1) +( )Axg,w(t) (E.21)

where

!
AX (1) = f dtig(t)e”
0 (E.22)
AXY(1) = f i (t=1)gV(t)e "
0

The equal-time correlation of the x— component is obtained as

. 2 2
<xp(t)xq(t)> = (k;I_T) 5pqe—2t/Tp + <AXEJX)([)AXEIX)(Z)> +( YTp ) (g) (kB_T)(Spqe—Zt/Tp

» 1+0ap T, 4Hp
04 04
AXPOAXY(t
) (e onay o)

(E.23)
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The solid-underlined term is identical to <Ay ,,(t)AMq(t)>, and may be obtained from
Eq. (E.16). The dashed underlined term may be simplified as

! !
<AX§,”)(z)AX;”<r)>:< f di' (1= 1) g ()e ™ f dt" (r—f’)gﬁ?(r")e-<f-f”>/7q>
0 0

2kgT ! ,
0

p

!

T /

= —(Z)eein s [Cra-rieermar
0

Tp ~21/ 127 ' d 2t-1")/

= — t 1Tp t— t’ - =2(t-1") Tp dt/

(2) ¢ +[2)f0( e |
ksT 21\ (2t)’
28,92 = [2+ 2| =)+ [ =) |/
4H T, T,

(E.24)
to give
kgT kgT 2
(D, (D) = (f,—p)dpq+8( Hj )5pq (A7) { 1+(T—:)] e‘zf“ﬂ} (E.25)
P

Plugging Eqs. (E.17) and (E.25) into Eq. (E.13), the equal-time correlation for the modes

is obtained as
2t
1+ (—)m} (E.26)
Tp
Recognizing that the end-to-end vector is given by

3T\ [ 1 8(1
<Xp(f) : Xq(t)> = ( ; )(a_) 5pq{1 + (323/) [ (e_ZI/T”
5 Np—1 .
Re(h) = _2’/Vb > cos( o ) X, (1), (E.27)

p
g:odd
the expression for <Ré(t)> may be written as

Np—1 Ny

(R0)) ( )Z Zcos(ZNb)cos(;v)(X,,(:)-)Q(t)) (E.28)

I

(E.29)

Using Egs. (E.26) and (E.28), we get

) 8 \(3ksT\ S (1) ,(pr 8 (Auy) e,
o) = () (57) 35 ) () - 25 1

p:odd

Upon using the following scheme for scaling the time variable,

ol v e i b e B (e R e
o & \¢(1+6a,)) (4B (1+6a,)) \4)\1+0a,)\ 0] \1+6a,] 4°

(E.30)
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the dimensionless form of Eq. (E.29) becomes

oy (24 () (o [ 8P ([ )2
<RE(t)>_(Nb)Z(ap)COS (2Nb){1+ 3@ ! (CXP (1+9a,, 2

I

The steady-state result is obtained by taking the limit #* — oo in Eq. (E.31), to give
Nb—l N2
24 1 pr 8 (Auy)
2\ *2 0 ok _ =2 _ 2
<RE > = <RE t — oo)> - (Nb) ;Odd(ap) cos (ZNb) {1 + 32 (E.32)

In the limit of large N,, Eq. (E.32) is found to agree with Eq. (10) of Bhattacharyya and

Cherayil (2012), which is the result for a continuum model of a Rouse chain in shear flow.

(E.31)

x |1

Scaling Eq. (E.31) by the mean-squared end-to-end vector gives

<REZ([*)> 8 NS pr
e ] )
eq

p:odd

e 29 o[- () 5]+ () S

Additionally, it is of utility to compute the correlation, <xp(t)yq(t)>, for subsequent

(E.33)

use in the derivation of an analytical expression for the transient variation of the shear

viscosity, as discussed later in Sec. Note that this correlation is zero in the absence

of flow, by virtue of the noise being white in normal mode space [See Eq. [6.8]. From
Eq. (E.14) and (E.21), we can write, after some algebra
4 ksT\ 5 4

(x(Dyy() = (—)% (B—) te™ 2 4 (1—,,) (AXP (DAY, (1)) (E.34)

1+0a, H, +0a

The underlined term is evaluated to be

kgT \ (T 2/, 2t
R A I e I
Plugging Eq. (E.35) into Eq. (E.34), we obtain
(xp(00,(0)) = 65 (%) (5)[1 =] (E.36)

E.2 Semi-analytical solution to the bead-spring-dashpot
chain with preaveraged internal friction

The Langevin equation corresponding to the stochastic differential equation governing the

dynamics of a bead-spring-dashpot chain with preaveraged internal friction [Eq. (6.47)) of
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Chapter ] is given by

g, ([ 1 al H\ & / kT
5 (1 " 20) [; A (k- Q)) - (?);Jlel *\Z 29 ZBklfz(l) (E.37)
where
N
Z ByiBjj = Ju (E.38)
and
(fim) =0
FOf (1)) = 6,udd(t —1) (E.39)

fi@O - f,)) =38, —1)

The quantities Ay and Jy; result from the decoupling procedure used to obtain the
governing equation for the system, and their precise definitions have been given in Sec.
of Chapter[6] Notably, Ay, and Jy; are functions only of the internal friction parameter 6,
and depend neither on the chain reconfiguration, nor on the flow strength. In the absence
of internal friction, Ay = 6y, and Jy; = Ay, where Ay, is the Rouse matrix defined as in
Equation (2.3)). The notations A and J are introduced to indicate N x N matrices whose
elements are given by Ay and Jy;, respectively

Semi-analytical solutions to Eq. at equilibrium and in the presence of shear

flow are presented below.

E.2.1 Normal mode analysis at equilibrium

To obtain the correlation of the end-to-end vector for a Rouse chain with preaveraged
internal friction, we set k = 0 in Eq. (E.37) and obtain the governing Langevin equation

as

N

H 2k
Z JuQ, + o 71 +20) Z B f,(1) (E.40)

a9, _ _(_H
{(1+26)| £

dr

This equation is converted into normal mode coordinates by means of the transformation

Q' = 3, 11,,;Q,,, where the orthogonalizing matrix IT satisfies the following properties

N N
Z Iy =65 = Z IT;,11,,
=1 oy

N N
Z Z Iyl = a0 jx

=1 n=1

(E.41)
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Figure E.1: A comparison of the results for the (a) normalized autocorrelation and (b)
transient evolution of the mean-squared end-to-end vector predicted by the discrete RIF
model and the preaveraged IV model derived using the principles of polymer kinetic
theory. Each legend entry corresponds to two lines: the thicker lines represents the
discrete RIF results [Eq. in (a) and Eq. (E.33) in (b)], while the thinner lines
represents semi-analytical soutions for the preaveraged IV model [Eq. [E.47 in (a) and

Eq. in (b)].
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and must be determined numerically. In Eq. (E.41), the a; represent the eigenvalues of J.

The governing equation for the normal coordinates is given as

dg,, , kT
7 Q {(1 + 29) Z Z HkmBkl f[(t) (E42)

— —%m
Z(1 +26)

whose formal solution may be written as

’ Y 1T / 2kgT ft —(t=1) [T,
Qm(t) - Qm(())e + ((1 + 29) o dtl ; Z HkmBklfl(tl) e (E43)

where 7,, = {(1 + 260)/Ha,,. The autocorrelation of the normal modes may be derived to
be

k T
(@,(0)- Q;,()) = 2=, (E.44)

Recognizing that
(Re(0)- Re(0) = ) TinlT, (Q(0) - @;,(0)) (E.45)

i,m,j,p
and

t _| Hapt | _ Hayt (N @ t\ ([ @ \t EL46
7, |c(1+20)|  |4HA, (1 +26) _(Z)(1+29)(E)_(1+2Q)Z (E.46)

the normalized autocorrelation of the end-to-end vector in dimensionless time units may

be written as

(RL(0) - RL(t")) 1] a \r
(R2(0)) [Nb— 1] % HirlLip eXp[ (1 +29) Z] E47)

E.2.2 Normal mode analysis in shear flow

The governing Langevin equation for a Rouse chain with preaveraged internal
friction in shear flow is written as

dQ 1 u
d_tk = (1 +29) IZ: A (k- Q) = Jle[

2kgT
Za f 26) Z w fi(®) (E.48)

Eq. (E.48) is transformed into normal coordinates using the orthogonalizing matrix
introduced in Eq. (E.41). It is assumed that the same matrix also orthogonalizes Ay,

such that
N N

Z > WAy = by (E.49)
k=1

The quality of this assumption is found to be excellent, based on several test cases. The

governing equation in normal coordinates is derived to be

dQ’ b,
Q’":[ O )K'Q;n_ Ha,

7(1+26)

| 2ksT
(1 +20)

Q, + Z Z B fi(6)  (E50)

dt 1+26
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Following a procedure identical to that described in Sec. [E.1, the correlation between the

)

Cartesian components of the normal modes can be derived to be

ay

~\2
, , kgT kgT b
<Qp(x)(f)Qq(x)(t)> = (37) Opg +8 (%)6174 [ATq) (Any)’ [1 - (e_zﬁ"

kgT

(000 w) = (2o w) = (7) o

, , kgT
(OP0QP (1) = (37) 8pg (A7) 1y(1)
(E.51)

where

I(t) =2 [@] [1-e]. (E.52)

ay

The equal-time correlation of the normal modes is subsequently obtained as

N2 (1 2
(QL(t)-Q;<t)>=(3kTBT)6m{1+ il [f—) [1—(5”@ 1+(§)m} (E53)
p

ap
and the time evolution of the normalized mean-squared end-to-end distance may then be

derived to be

(RE@) [ 1 | 8 (i)’ (B ) @ \r
(R2), :[Nb—l] %Hi”nj”{lJ’ 3 [E) [1_(CXP[_(1+29)§] .

' (1 fpze) %m}

In Fig. (6.4) of Chapter [6] the equivalence between the discrete RIF model and the

preaveraged IV model is established by comparison of the analytical predictions of the

X |1

discrete RIF model against BD simulation data obtained by numerically integrating the
stochastic differential equation for the preaveraged IV model [Eq. (6.47)]. In Fig. [E.T,
predictions of the discrete RIF model are compared against the semi-analytical solutions
for the preaveraged IV model, and an excellent agreement is observed.

We have therefore established that: (a) the discrete RIF model and the
preaveraged IV model are equivalent, and (b) the preaveraged model may be solved
for observables at equilibrium and in simple shear flow using either BD simulations to
integrate the governing stochastic differential equation [Eq. (6.47)] or a semi-analytical

approach involving the normal-mode decomposition of the governing Langevin equation

[Eq. (E37)].
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E.2.3 Derivation of stress tensor expression

As discussed in Chapter |5| and Appendix [C, the Kramers expression for the stress
tensor is thermodynamically inconsistent (Schieber and Ottinger, 1994) for chains with
fluctuating internal friction, and the use of the Giesekus expression is recommended
instead. In the absence of any discussion surrounding the viscometric functions of chains

with preaveraged internal friction, we have used the Giesekus expression (Bird et al.,
1987b), as follows

N N
r, = e <Z 3 %QMQU>(U - %[d% <Z %QMQU> - <Z %QMQU>

u=1 v=1 u,v

777777777777 (E.55)

(Y ao0) |

U

with € denoting the elements of the symmetric Kramers matrix defined as follows (Bird
et al.,|1987b)

JNo —k)/Nyp; j<k
@y = (E.56)
k(Np — j)/Np; k< j

We identify B = fo et 60,0, and note that a simplified, closed-form expression for
the stress tensor in the present case may be found by following the steps detailed in
Appendix |(C. Only the salient intermediate steps of the derivation are therefore shown
below. We start with the expression for the equation of change,

N

d . oB
—(B) = T — E.57
(B <]§:1 (|IQJ]1 an)> (E.57)
and substitute into it the expression for [Q ;1 given in Eq. (6.41) of Chapter@ to obtain
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(E.58)

where we have used the choice of d¢/0Q, = HQ, to focus our attention on Rouse chains.
Also, the distribution function for the internal coordinates (/) has been used instead of

0B
(P), due to the homogeneous flow field under consideration. The expression for ——

80,
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remains unchanged from Eq. (C.12) in Appendix [C| The three terms on the RHS of
Eq. (E.58) may be processed as shown below.

(3 mste-00- )= (3 33| |- orcts
Jok J ku Bms\ j (E59)
PIDIPIVEA KT2ws
ko myy,s\ j

Defining the symmetric matrix S = A - C, ie., S = 2; At;Cu, Eq. (E.59) may be
simplified to give

0
<Z Aje (k- Q) - £> = > Sul(Q.0) K +x-(0,0)"] (E.60)
Jk J k,u

Next,
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Defining the symmetric matrix £ = J - C, i.e., Ly, = X ; Ji i€ u, the first term on the RHS
of Eq. (E.61) may be simplified to give

(SN e e 55, [ [ ctan] e

(E.61)
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Therefore,
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Lastly, the third term on the RHS of Eq. (E.58) may be simplified as

(B ig) (B E T o)
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Figure E.2: Validating the expression for the transient evolution of shear viscosity for
a five-bead Rouse chain with preaveraged internal friction for various values of the
dimensionless shear rate (dyy) and internal friction parameter (¢). Lines represent
Eq. (E.69) and symbols are BD simulations results. Inset shows the steady-state values of

viscosity for the various cases.

From Equations (E.55), (E.60), (E.63), and (E.64), we have

& i ‘fuuQuQv> = (ﬁ) 2. Sul(@.0) K +x-(0,00)]
M
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Substituting Eq. (E.65) into Eq. (E.55) and simplifying, the following expression for

the stress tensor is obtained

H
7y = kT [(1 ) u:)] L [(1 =) 3 L ((0,0) + ©.0.)]

(E.66)
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The xy— component of the stress tensor is written as

Tpxy = ~NpH [(%29) Z Lmn<QEZ‘)QS’)>} - %/{Z (Cfmn - %298’"”) [<Q£Z)Q£zw>]}

P L A

The first term on the RHS of Eq. (E.67) represents the elastic component to the total shear
stress, while the second term represents the viscous or dissipative contribution. Following

a procedure identical to that described in Sec. [E.1, the underlined terms are evaluated to
be

(o f?)):(%T)umznmqnnqlq(r)
q

. (E.68)
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from which the expression for the dimensionless shear viscosity may be obtained as
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In Fig. [E.2, the solution given by Eq. (E.69) is compared against BD simulation

data for the preaveraged IV model, obtained by numerically integrating the governing

with

stochastic differential equation [Eq. (6.47)] and using the stress tensor expression given
by Eq. (E.66), for a variety of internal friction parameters and shear rates. An excellent

agreement is observed between the results obtained using the two approaches.



Appendix F

Stress tensor components at the

inception of simple shear flow

This appendix presents an explanation, using a pedagogical example of a free-draining
Hookean dumbbell with internal viscosity, for the fact that an instantaneous jump at the
inception of shear flow is predicted only in the viscosity, but not in the normal stress
coefficients.

The stress tensor expression for a free-draining Hookean dumbbell with IV is given
by

€ \[2Q
Tp = npkBT6 - (1 n E)an <QQ> — 3l’lpkBT (1—_'_6)<?>
(E.1)
_d ( € ) .. [2200
2 \1+e/| "\ @2
The equilibrium configurational distribution function for a Hookean dumbbell is
given by
32 1
- L2
Yeq(Q) = (27rkBT) CXP[ S HOQ ] (F2)

and is unaffected by internal friction. The stress tensor components at the inception of
shear flow may be found by evaluating the moments in Eq. (F.1) with respect to the
distribution function given by Eq. (F.2), as follows

k
©0).,= [ 00ud0 (%25 )o (®3)

),
eq

The identity (E.3-5) from Bird et al. (1987b) has been used in evaluating the integral in
Eq. (F.3), while the result given by Eq. (F.4)) is taken from Eq. (4.47) of Doi and Edwards

249
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(1986). Denoting

S=«k: <QQ?Q> (F.5)
/.,
it may be shown, using polar spherical coordinates (Manke and Williams, |1988), that, in
shear flow,
0:0; kT
Sy=7l—) =|= (F.6)
Q? eq SH
and
QiQu>
Smsy< ) =0
o /.,
S —7<Q"Q3> 0 (F.7)
yy = = .
/.,
_ . ]2:0,0
Szz = 7< Q2 < u = 0

From equations (F.3)—(F.7), and the definitions of the material functions in simple shear
flow [Eq. (2.14) of Chapter [2]], it is clear that only the viscosity has a stress jump at the

inception of flow, while the two normal stress coefficients, ¥; and ¥,, remain jump-free.
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